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Abstract
Quantum theory can be formulated as a theory of operations, more spe-
cific, of complex represented operations from real Lie groups. Hilbert space
eigenvectors of acting Lie operations are used as states or particles. The sim-
plest simple Lie groups have three dimensions. These groups together with
their contractions and their subgroups contain - in the simplest form - all
physically important basic operations which come as translations for causal
time, for space and for spacetime, as rotations, Lorentz transformations and
as Euclidean and Poincare´ transformations with scattering and particle states
and also - via the Heisenberg group - as the operational structure of non-
relativistic quantum mechanics. The classification of all those groups and
their contractions is given together with their Hilbert spaces, constituted by
energy-momentum functions. The group representation matrix elements can
be written in the form of residues of energy-momentum poles - simple poles
for abelian translations, e.g. in Feynman propagators, and dipoles for simple
group operations, e.g. in the Schro¨dinger wave functions for the nonrelativistic
hydrogen atom.
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11 The Basic Actors
The abelian and simple real and complex Lie algebras are the building blocks
for all real and complex Lie operations[5, 9, 10] . The classification of the Lie
algebras with dimensions one, two and three - ‘the basic physical Lie operations
(actors)’ - gives also the simplest nontrivial examples for the concepts abelian
⇒ nilpotent ⇒ solvable and simple[2].
It makes sense to call the trivial Lie algebra L = {0} semisimple, but not
simple. Its group is the trivial group exp{0} = {1}.
There is one complex 1-dimensional Lie algebra L ∼= IC, it is abelian ∂L =
[L, L] = {0}. It generates the linear group2 GL( IC).
There are two complex 2-dimensional Lie algebras3 L ∼= IC2, the abelian
decomposable one and - new for two dimensions - the nonabelian, solvable
one. The latter one is a semidirect product4, isomorphic to the Lie algebra of
the 1-dimensional affine group. It is given in the 2nd column with the bracket
in a basis {l1, l2} and its faithful adjoint representation
abelian solvable
logGL( IC) ∼= IC log[GL( IC) ~× IC] ∼= IC ~⊕ IC
[l, l] = 0 [l1, l2] = l2
xl→ x ∈ IC ψl1 + xl2 7−→
(
0 0
−x ψ
)
∈ AL( IC2)
logD(1) ∼= IR log[D(1) ~× IR] ∼= IR ~⊕ IR
logU(1) ∼= IR
Complex Lie operations have real forms: D(1) = exp IR andU(1) = exp iIR are
the connected real 1-dimensional Lie groups. The abelian Lie algebras x ∈ IRn
formalize physical translations. In the semidirect real Lie group
(
1 0
−x eψ
)
∈
D(1) ~× IR the translations are acted upon with D(1)-dilations IR ∋ x 7−→ eψx.
There are three nondecomposable complex 3-dimensional Lie algebras L ∼=
IC3 - simple, solvable and nilpotent (proof in the appendix). They have faithful
representations for a basis {l1, l2, l3} by (3×3)-matrices α1l1+α2l2+α3l3 7−→
AL( IC3)
simple solvable nilpotent
logSO( IC3) log[SO( IC2) ~× IC2] logH( IC)
∼= logSO( IC2) ~⊕ IC2 ∼= IC ~⊕ IC2
[l1, l2] = l3
[l2, l3] = l1
[l3, l1] = l2
[l1, l2] = 0
[l2, l3] = l1
[l3, l1] = l2
[l1, l2] = 0
[l2, l3] = 0
[l3, l1] = l2(
0 α3 α2
−α3 0 α1
−α2 −α1 0
) (
0 α3 α2
−α3 0 α1
0 0 0
) (
0 α3 α2
0 0 α1
0 0 0
)
logSO(3) logSO(2) ~⊕ IR2 logH(1)
logSO0(1, 2) logSO0(1, 1) ~⊕ IR2 ∼= IR ~⊕ IR2
rotations flat Euclidean Heisenberg
flat Lorentz flat Poincare´
Their real forms (2nd last line) are - up to logSO(3) - noncompact.
2There is the covariant functor G 7−→ logG from Lie groups to their Lie algebras and, vice versa,
L 7−→ expL. The linear group GL( IKn) for IK ∈ {IR, IC} has as Lie algebra AL( IKn) ((n× n)-matrices).
3Isomorphies should be qualified, e.g. for a Lie algebra L ∼= IKn ( IK-vector space isomorphy). For a
simpler notation, such qualifications are omitted - they should be obvious from the context.
4denoted as G1 ~×G2 for groups and L1 ~⊕ L2 for Lie algebras
2All nondecomposable Lie algebras with dimensions 1,2 and 3 have rank 1.
There is one generating linear invariant for the abelian case, and one quadratic
Casimir invariant (inverse Killing form) for the simple case and its contracted
forms for the contractions (below). The 2-dimensional Lie algebra IR ~⊕ IR
has no nontrivial invariant.
The Lie groups for the 1-dimensional real Lie algebras act irreducibly on
1-dimensional spaces and, in the selfdual orthogonal representations, on 2-di-
mensional ones
noncompact:
{
D(1) = exp IR ∋ eψ, IR ∼= logD(1) ∼= logSO0(1, 1)
SO0(1, 1) ∼= exp σ3IR ∋
(
eψ 0
0 e−ψ
) ∼= ( coshψ sinhψsinhψ coshψ
)
∈ exp σ1IR
compact:
{
U(1) = exp iIR ∋ eiϕ, iIR ∼= logU(1) ∼= logSO(2)
SO(2) ∼= exp iσ3IR ∋
(
eiϕ 0
0 e−iϕ
) ∼= ( cosϕ i sinϕi sinϕ cosϕ
)
∈ exp iσ1IR
The simply connected totally ordered group D(1) ∼= IR covers U(1) ∼= IR/ZZ
infinitely often and is a real form of the complex 1-dimensional full Lie group
GL( IC) ∼= SO( IC2) with Lie algebra D1.
The simple real Lie structures with dimension 3 add spherical5 and hyper-
bolic degrees of freedom to the abelian IR-structures
SO(2) ∼= Ω1, SO0(1, 1) ∼= Y1
SO(3) rotation group, SO(3)/SO(2) ∼= Ω2
SO0(1, 2) flat Lorentz group,
{
SO0(1, 2)/SO(2) ∼= Y2
SO0(1, 2)/SO0(1, 1) ∼= Y1 × Ω1
The twofold covering groups are (iso)spin SU(2) (simply connected) and SU(1, 1)
( ZZ-connected) as real forms of the complex 3-dimensional special Lie group
SL( IC2) (considered as 3-dimensional complex Lie group).
The simple complex Lie operations, i.e. nonabelian without proper ideal,
have been classified by Cartan with four main series {A,B,C,D} and five
exceptional Lie algebras. Three main series - with the invariance operations
for volumes Ar ∼= logSL( IC1+r), for odd dimensional orthogonal structures
Br ∼= logSO( IC1+2r) and for symplectic structures Cr ∼= logSp( IC2r) - start
with the same simplest simple Lie algebra which has three dimensions
A1 = B1 = C1 ∼= IC3
The fourth series - for even dimensional orthogonal structures - starts with
D3 ∼= logSO( IC6) ∼= logSL( IC4) after the abelian D1 ∼= logSO( IC2) and the
semisimple D2 ∼= A1 ⊕ A1 ∼= logSO( IC4). All simple Lie algebras are ‘fused
collectives’ of several A1-isomorphic building blocks. The simplest example,
used in physics, is the 8-dimensional Lie structure SU(3) (flavor or color) where
three 3-dimensional A1-building blocks, called I, U and V -spin, are ‘fused’ in
their Cartan subalgebras by the linear dependence I3 + U3 + V 3 = 0 to yield
the Lie algebra A2 = logSL( IC
3).
5The compact s-sphere Ωs ∼= SO(1 + s)/SO(s) and the noncompact s-hyperboloid Ys ∼=
SO0(1, s)/SO(s) for s = 1, 2, . . . parametrize classes of orthogonal groups.
3The simplest real simple structures are descendants of A1, compact and
noncompact (definite and indefinite unitary)
Ac1 = B
c
1 = C
c
1
∼= logSU(2) ∼= logSO(3) ∼= IR3
An1 = B
n
1 = C
n
1
∼= logSU(1, 1) ∼= logSO0(1, 2) ∼= logSL(IR2) ∼= IR3
If each of the three compact degrees of freedom in the Lie algebra of the
spin group SU(2) ∼= expAc1 is paired with a noncompact one, there arises
the rank 2 simple Lie algebra Ac1 ⊕ iAc1 as ‘complexified spin’ operations for
the Lie group SL( IC2) = exp[Ac1 ⊕ iAc1], considered as 6-dimensional real Lie
group where three independent rotations are paired with three boosts. It is the
twofold cover of the orthochronous Lorentz group for 4-dimensional Minkowski
spacetime
Ac1 ⊕ iAc1 ∼= logSL( IC2) ∼= logSO( IC3) ∼= logSO0(1, 3) ∼= IR6
The not simple nondecomposable real 3-dimensional Lie operations are all
semidirect groups, i.e. affine subgroups in GL(IR2) ~× IR2
SO(2) ~× IR2 Euclidean (flat Galilei) group
SO0(1, 1) ~× IR2 flat Poincare´ group
H(1) ∼= IR ~× IR2 Heisenberg group
They are contraction of SO(3) and SO0(1, 2) (below). D(1) ~×IR is a subgroup
of the flat Poincare´ group.
The general Euclidean, Lorentz and Poincare´ groups are SO(s) ~× IRs,
SO0(1, s) and SO0(1, s) ~× IR1+s respectively, for s = 1, 2, . . .. In the physical
names of the operations ‘flat’ is meant as ‘spatially flat’, i.e. without non-
abelian space rotations s = 1, 2. The Heisenberg group H(n) = IRn ~× IR1+n
with n position-momentum pairs is looked at in more detail below.
2 Heisenberg Lie Algebras and Groups
The simplest nonabelian nilpotent Lie operations constitute the real 3-dimen-
sional Heisenberg Lie algebra logH(1) = h(1) for one position-momentum pair
(x,p) and its bracket I, a basis for the centrum
h(1) = {qx+ yp+ tIq, y, t ∈ IR} ∼= IR3
with [x,p] = I, [I,x] = 0 = [I,p]
The central action operator I is no number, e.g. not the imaginary unit i. h(1)
is a semidirect product
h(1) = IRx ~⊕ [IRp+ IRI] : [IRx, IRp+ IRI] ⊆ IRI
The position acts upon the ideal spanned by {p, I}, not by {p,x}. Here, and
everywhere, the roles of the position x and the momentum p operations can
be exchanged.
4h(1) has a 3-dimensional faithful representation by nilpotent matrices
h(1) ∋ qx+ yp+ tI 7−→
(
0 q t
0 0 y
0 0 0
)
∈ AL(IR3)
By exponentiation there arises the Heisenberg groupH(1) with the Weyl prod-
uct6 expressing the noncommutativity of position and momentum operators
H(1) ∋ eqx+yp+tI 7−→
(
1 q t+ qy
0 1 y
0 0 1
)
∈ SL(IR3)
Weyl product: eqxeyp =
(
1 q qy
0 1 y
0 0 1
)
= eqyIeypeqx
commutator group: (H(1),H(1)) = eIRI : eqxeype−qxe−qp = eqyI
H(1) leads to the chains with abelian normal subgroups
H(1) = {eqx+yp+tI} ⊃ {e
yp+tI} ∼= IR2
{eqx+tI} ∼= IR2 ⊃ centrH(1) = {e
tI} ∼= IR
Correspondingly, H(1) can be considered either as semidirect extension[2] or
as central extension with the exact sequences7
IR2
ιs−→ H(1) ∼= IR ~× IR2 πs−→ IR
IR
ιc−→ H(1) ∼= IR ←⊙ IR2 πc−→ IR2
In the semidirect group product
H(1) ∼= IR2 ◦ IR = IR ~× IR2 with
{
IR ∼= {eqxq ∈ IR}
IR2 ∼= {eyp+tIy, t ∈ IR}
illustrated in the (3× 3)-matrix representations(
1 q t + qy
0 1 y
0 0 1
)
=
(
1 0 t+ qy
0 1 y
0 0 1
)(
1 q 0
0 1 0
0 0 1
)
the homogeneous group with the position x acts on the abelian normal sub-
group IR2 by inner automorphisms
IR ~× IR2 −→ IR2 :
{
eqx ◦ eyp+tI ◦ e−qx = eyp+(qy+t)I(
1 q
0 1
)(
t
y
)
=
(
t+ qy
y
)
The adjoint representation8 has commuting position and momentum [ adx, adp] =
0 - the image is the classical position-momentum Lie algebra
ad : h(1) −→ AL(IR3), Ad : H(1) −→ SL(IR3)
ad (qx+ yp+ tI) =
(
0 0 −y
0 0 q
0 0 0
)
, Ad eqx+yp+tI =
(
1 0 −y
0 1 q
0 0 1
)
adh(1) ∼= {IRx+ IRp}, ad I = 0, Ad I = 13
6In analogy to the commutator ideal of a Lie algebra, there is the normal commutator subgroup (G,G) =
{gk(kg)−1
g, k ∈ G}.
7An extended vector space or group or Lie algebra G is defined by the injection-projection structure
N
ι−→ G π−→ H with image ι = kernel π, i.e. H ∼= G/N .
8The adjoint representation of a Lie algebra acts on itself ad : L −→ AL(L) with adm(l) = [m, l]. The
adjoint representation of a Lie group on its Lie algebra Ad : G −→ GL(L) goes via Ad g(l) ∼ glg−1. The
adjoint action of a group on itself is by inner automorphisms Int g : G −→ G, Int g(k) = gkg−1.
51n = idV denotes the identity operation on a vector space V ∼= IKn.
Also the general Heisenberg Lie algebra with n position momentum pairs,
a = 1, . . . , n
h(n) ∼= IR1+2n : [xa,pb] = δbaI, [xa, I] = 0 = [I,pb]
is nilcubic with its centrum as commutator ideal
[h(n),h(n)] = IRI = centrh(n), [[h(n),h(n)],h(n)] = {0}
It has a faithful representation by ((2 + n)× (2 + n))-matrices
h(n) ∋ qaxa + ybpb + tI 7−→
(
0 qa t
0 0 yb
0 0 0
)
∈
(
0 IRn IR
0 0 IRn
0 0 0
)
⊂ AL(IR2+n)
It is a semidirect product of the n-dimensional abelian positions acting upon
the n-dimensional momenta and the central operator
h(n) = IRn ~⊕ [IRn ⊕ IR] : [IRxa, IRpb + IRI] ⊆ IRI
The affine Heisenberg Lie algebra ah(n) includes, in addition, all linear
transformations f ∈ AL(IRn) of the position-momentum pairs - in the matrix
representation
ah(n) ∋
(
0 qa t
0 fab yb
0 0 0
)
∈
(
0 IRn IR
0 AL(IRn) IRn
0 0 0
)
⊂ AL(IR2+n)
with the Lie-bracket involving the dual product 〈q, y〉 of position with momen-
tum and the linear transformations acting on position and momentum
[
(
0 q1 t1
0 f1 y1
0 0 0
)
,
(
0 q2 t2
0 f2 y2
0 0 0
)
] =
(
0 fT2 (q1)− fT1 (q2) 〈q1, y2〉 − 〈q2, y1〉
0 [f1, f2] f1(y2)− f2(y1)
0 0 0
)
with 〈q, y〉 = qaya, f(y)b = fab ya, fT (q)a = fab qb
The Heisenberg Lie algebra is the nilradical of the affine Heisenberg Lie algebra
[ah(n),h(n)] ⊆ h(n)
[
(
0 IRn IR
0 AL(IRn) IRn
0 0 0
)
,
(
0 IRn IR
0 0 IRn
0 0 0
)
] ⊆
(
0 IRn IR
0 0 IRn
0 0 0
)
Therewith the extended Heisenberg Lie algebra is a double semidirect product
ah(n) = AL(IRn) ~⊕ h(n) = AL(IRn) ~⊕ [IRn ~⊕ [IRn ⊕ IR]]
63 Contractions
In general, contractions of simple Lie operations go with a ‘flattening’ of de-
grees of freedom. In physics, this is related to a trivialization of units. The
prototype Wigner-Ino¨nu¨ contraction from the Lorentz to the Galilei group[20]
‘flattens’ the boosts by trivializing the speed of light 1
c
→ 0. In the opposite
procedure, a contracted group is expanded by ‘flexing’ flat degrees of free-
dom. An expansion resuscitates a mute unit. Contractions work with units,
operationally formalized with dilations.
The not simple nondecomposable real 3-dimensional Lie operations are all
contractions of the simplest simple Lie operations. Their Lie algebras are given
with a basis, a defining representation in the endomorphism algebra AL( IC3)
(complex (3 × 3)-matrices) - for the simple groups SO(3) and SO0(1, 2) the
adjoint representations - and the invariant Casimir element C
logSO(3)
ϕ1L1 + ϕ2L2 + ϕ3L3
7−→
(
0 iϕ1 iϕ2
iϕ1 0 ϕ3
iϕ2 −ϕ3 0
)
[La, Lb] = −ǫabcLc
C = −~L2
→
logSO(2) ~⊕ IR2
x1P 1 + x2P 2 + ϕ3L3
7−→
(
0 0 0
x1 0 ϕ3
x2 −ϕ3 0
)
[L3, P 2,1] = ±P 1,2
[P 1, P 2] = 0
C = (P 1)2 + (P 1)2
ց
logSO(1, 2)
ψ1B1 + ψ2B2 + ϕ3L3
7−→
(
0 ψ1 ψ2
ψ1 0 ϕ3
ψ2 −ϕ3 0
)
[L3, B2,1] = ±B1,2
[B1, B2] = L3
C = (B1)2 + (B2)2 − (L3)2
ր
→
logSO(1, 1) ~⊕ IR2
ψ1B1 + y0Q0 + y1Q1
7−→
(
0 ψ1 y0
ψ1 0 y1
0 0 0
)
[B1, Q0,1] = Q0,1
[Q0, Q1] = 0
C = (Q0)2 − (Q1)2
→
logH(1)
qx+ yp+ tI
7−→
(
0 q t
0 0 y
0 0 0
)
[x,p] = I
[x, I] = 0 = [p, I]
C = I2
From the two simple groups (left), 3-rotations and (1, 2)-Lorentz group, re-
lated to each other by the spherical-hyperbolic, i.e. compact-noncompact,
i.e. imaginary-real exchange of two operations iϕ1,2 ↔ ψ1,2, there leads one
contraction to the 2-Euclidean and (or) to the (1, 1)-Poincare´ group. From
these contracted groups there leads a 2nd contraction to the double contracted
Heisenberg group which can also be reached directly by a central contraction.
3.1 Contractive Units and Dilations
The simple Lie algebra parametrizations above with faithful adjoint (3 × 3)-
matrix representations are for a diagonal invariant metric 13 and η, i.e. for the
Killing forms in an orthonormal basis. Dilation transformations from the triad
manifold d ∈ D(1)3 ∈ GL(IR3)/SO(3) and d ∈ D(1)3 ∈ GL(IR3)/SO0(1, 2)
introduce three units α1,2,3 > 0 for the three operations. The units can be
visualized as lengths for the three axes of a metrical 2-ellipsoid d13d
T for
7SO(3) and of a metrical 2-hyperboloid dηdT for SO0(1, 2)
SO(3) : d13d
T =
(
α1 0 0
0 α2 0
0 0 α3
)(
1 0 0
0 1 0
0 0 1
)(
α1 0 0
0 α2 0
0 0 α3
)
=
(
α21 0 0
0 α22 0
0 0 α33
)
SO0(1, 2) : dηd
T =
(
α1 0 0
0 α2 0
0 0 α3
)(
1 0 0
0 −1 0
0 0 −1
)(
α1 0 0
0 α2 0
0 0 α3
)
=
(
α21 0 0
0 −α22 0
0 0 −α33
)
The related inner automorphisms L ∋ l 7−→ dld−1 give renormalized Lie alge-
bra representations which leave invariant the dilation transformed metric - for
SO0(1, 2)
dld−1 =
(
α1 0 0
0 α2 0
0 0 α3
)(
0 ψ1 ψ2
ψ1 0 ϕ3
ψ2 −ϕ3 0
)

1
α1
0 0
0 1
α2
0
0 0 1
α3


=
(
0 α1
α2
ψ1
α1
α3
ψ2
α2
α1
ψ1 0
α2
α3
ϕ3
α3
α1
ψ2 −α3α2ϕ3 0
)
and - with ψ1,2 7−→ iϕ1,2 - for SO(3).
3.2 Simple Contractions
By renormalization of the Lie algebra basis and a renaming of the parameters,
e.g. α1
α3
ψ2 = y0, one obtains the contraction of the flat Lorentz group SO0(1, 2)
to the flat Poincare´ group
(
0 α1
α2
ψ1
α1
α3
ψ2
α2
α1
ψ1 0
α2
α3
ϕ3
α3
α1
ψ2 −α3α2ϕ3 0
)
=

 0
α1
α2
ψ1 y0
α2
α1
ψ1 0 y1
α2
3
α2
1
y0 −α
2
3
α2
2
y1 0

 →
(
0 ψ1 y0
ψ1 0 y1
0 0 0
)
α23 → 0, α1 = α2 with finite y0,1
Therewith the Casimir invariant (inverse Killing form) is contracted to
C = (B1)2 + (B2)2 − (L3)2 → (Q0)2 − (Q1)2
i.e. the metrical 2-hyperboloid degenerates to a metrical 1-hyperbola. Antici-
pation of the contraction leads to the parametrization of metrical hyperboloid
and invariance group involving one contractive unit ℓ as one main axis(
α21 0 0
0 −α22 0
0 0 −α33
)
=
(
1 0 0
0 −1 0
0 0 −ℓ2
)
logSO0(1, 2) ∋

 0
α1
α2
ψ1 y0
α2
α1
ψ1 0 y1
α2
3
α2
1
y0 −α
2
3
α2
2
y1 0

 =
(
0 ψ1 y0
ψ1 0 y1
ℓ2y0 −ℓ2y1 0
)
ℓ2 → 0 : SO0(1, 2)→ SO0(1, 1) ~× IR2
with
(
coshψ1 sinhψ1
sinhψ1 coshψ1
)
∈ SO0(1, 1) ⊂ GL(IR2)
8The Wigner-Ino¨nu¨ contraction from the flat Lorentz group to the Euclidean
(flat Galilei) group is analogous
(
0 α1
α2
ψ1
α1
α3
ψ2
α2
α1
ψ1 0
α2
α3
ϕ3
α3
α1
ψ2 −α3α2 ϕ3 0
)
=

 0 α
2
1
α2
2
x1
α2
1
α3
3
x2
x1 0
α2
α3
ϕ3
x2 −α3α2 ϕ3 0

 →
(
0 0 0
x1 0 ϕ3
x2 −ϕ3 0
)
α21 → 0, α2 = α3 with finite x1,2
C = (B1)2 + (B2)2 − (L3)2 → (P 1)2 + (P 2)2
The metrical 2-hyperboloid degenerates to a metrical circle (1-sphere). The
contractive unit c is the speed of light
(
α21 0 0
0 −α22 0
0 0 −α33
)
=
(
1
c2
0 0
0 −1 0
0 0 −1
)
logSO0(1, 2) ∋

 0 α
2
1
α2
2
x1
α2
1
α3
3
x2
x1 0
α2
α3
ϕ3
x2 −α3α2 ϕ3 0

 =
(
0 1
c2
x1
1
c2
x2
x1 0 ϕ3
x2 −ϕ3 0
)
1
c2
→ 0 : SO0(1, 2)→ SO(2) ~× IR2
with
(
cosϕ3 sinϕ3
− sinϕ3 cosϕ3
)
∈ SO(2) ⊂ GL(IR2)
3.3 Double Contraction
The transition from Poincare´ or Euclid to Heisenberg involves a 2nd contrac-
tion from ‘hyperbolic’ or spherical to flat
ր SO0(1, 1) ~× IR2 then SO0(1, 1) → IR
SO0(1, 2)
ց
SO(2) ~× IR2 then SO(2) → IR
SO(3) ր
E.g., the double contraction from simple SO0(1, 2) to Heisenberg H(1) (Segal
contraction[24])
(
0 α1
α2
ψ1
α1
α3
ψ2
α2
α1
ψ1 0
α2
α3
ϕ3
α3
α1
ψ2 −α3α2 ϕ3 0
)
=


0 q t
α2
2
α2
1
q 0 y
α2
3
α2
1
t −α
2
3
α2
2
y 0

 →
(
0 q t
0 0 y
0 0 0
)
α3 → 0, 1α1 → 0, α2 = 1 with finite q, y, t
C = (B1)2 + (B2)2 − (L3)2 → I2
9can be performed with two contractive units ℓ2, 1
c2(
α21 0 0
0 −α22 0
0 0 −α33
)
=
(
c2 0 0
0 −1 0
0 0 −ℓ2
)
logSO0(1, 2) ∋


0 q t
α2
2
α2
1
q 0 y
α2
3
α2
1
t −α
2
3
α2
2
y 0

 =
(
0 q t
1
c2
q 0 y
ℓ2
c2
t −ℓ2y 0
)
ℓ2, 1
c2
→ 0 : SO0(1, 2)→ H(1) ∼= IR ~× IR2
with
(
1 q
0 1
)
∈ IR ⊂ GL(IR2)
A 1-step contraction uses one contractive unit µ2 → 0(
α21 0 0
0 −α22 0
0 0 −α33
)
=
(
1 0 0
0 −µ2 0
0 0 −µ4
)
logSO0(1, 2) ∋


0 q t
α2
2
α2
1
q 0 y
α2
3
α2
1
t −α
2
3
α2
2
y 0

 =
(
0 q t
µ2q 0 y
µ4t −µ2y 0
)
3.4 Semidirect and Central Contractions
Any subgroup H in a finite dimensional Lie group G allows vector space de-
compositions of the Lie algebra
logG = logH ⊕ K, K ∼= logG/ logH with


[h1,h2] = h3
[h1,k1] = h2 + k2
[k1,k2] = h+ k3
A dilation transformation of the complementary vector subspaces
µν 6= 0, h = 1
ν
h, k = 1
µ
k
logG = logH(ν) ⊕ K(µ)


[h1, h2] = νh3
[h1, k1] = µh2 + νk2
[k1, k2] =
µ2
ν
h+ µk3
can be used for the semidirect contraction with the Lie subalgebra logH acting
on a vector space K
ν = 1, µ→ 0 : logG→ logH ~⊕ K,


[logH, logH ] ⊆ logH
[logH,K] ⊆ K
[K,K] = {0}
e.g. logSO(3)→ logSO(2) ~⊕ IR2
logSO0(1, 2)→ logSO0(1, 1) ~⊕ IR2
With related dilations the central contraction gives a central Lie subalgebra
logH . The complementary space K has a Lie bracket in logH
ν = µ2 :


[h1, h2] = µ
2h3
[h1, k1] = µh2 + µ
2k2
[k1, k2] = h+ µk3
µ→ 0 : logG→ logH
←⊙ K
logH ⊆ centr [logH ←⊙ K] ,


[logH, logH ] = {0}
[logH,K] = {0}
[K,K] ⊆ logH
e.g. logSO(3), logSO0(1, 2)→ IR
←⊙ IR2
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In the Heisenberg example IR2 ⊂ logH(1) is spanned by {p,x} for the central
contraction in contrast to {x, I} for the semidirect contraction.
The diagonalizable quadratic Casimir element for a semisimple Lie algebra
(Killing metric of the adjoint representation) is contracted to a bilinear vector
space form in the semidirect contraction and to a central subalgebra form in
the central one
logG : C = ~h⊗ ~h+ ~k⊗ ~k = ~h⊗~h
ν2
+
~k⊗~k
µ2
logG→ logH ~⊕ K : µ2C→ ~k ⊗ ~k
logG→ logH ←⊙ K : µ4C→ ~h⊗~h
4 Hilbert Representations
Groups carry ‘in themselves’ the structure of ‘their’ representation spaces: Any
set S where a groupG acts on, is a disjoint union of G-orbits G•v, v ∈ S, which
are irreducible G-sets. An orbit is isomorphic to a subgroup class G•v ∼= G/H ,
i.e. to the G-operations up to the fixgroup (Wigner’s ’little’ groups) H = Gv
for the G-action. Therefore: The coset spaces {G/HH ⊆ G} constitute - up
to isomorphy - the irreducible sets with G-action.
For group representations on vector spaces, linearity has to be taken into
account (more below). All real Lie groups (locally compact) define ‘their’
Hilbert spaces with complex representations, compact Lie groups have only
Hilbert representations. In physics, with Born, the scalar product of the
Hilbert spaces acted upon is interpreted in terms of ‘probability amplitudes’.
Therewith, physical Lie operations carry their probability interpretation in
their own structure.
4.1 Some General Remarks
First some facts about representations which, in a more detailed and exact
formulation, can be found in the literature[2, 4, 11]: Group (Lie algebra) re-
presentations have a normal subgroup (an ideal) as kernel, i.e. a group (Lie
algebra) without normal subgroup (ideal) has faithful, i.e. injective, or trivial
representations. For the abelian and simple groups with the ‘basic physical
Lie operations’ the nontrivial unfaithful representations are characterized by
the discrete normal subgroups N - they are faithful for the quotient groups
G/N
G dimIR G N G/N
D(1) ∼= IR 1 e ZZ ∼= ZZ U(1)
SU(2) 3 {±12} SO(3)
SU(1, 1) 3 {±12} SO0(1, 2)
For the affine group in one dimension and for the 3-dimensional contracted
groups the translations are continuous normal subgroups
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G dimIRG N G/N
D(1) ~× IR 2 IR D(1)
SO(2) ~× IR2 3 IR2 SO(2)
SO0(1, 1) ~× IR2 3 IR2 SO0(1, 1)
H(1) = IR ~× IR2 3 IR
2
IR
IR
IR2
In addition, there are normal subgroups with discrete factors ZZ as used for
D(1) ∼= IR.
There is Ado’s theorem[2]: A finite dimensional Lie algebra has a faith-
ful finite dimensional matrix representations (the nilradical becomes strictly
triangular), e.g. the Heisenberg Lie algebras above.
Any vector v ∈ V of a group representation space generates - by the clo-
sure of its group orbit span (finite linear combinations) IC(G•v) - a G-action
invariant cyclic subspace. A vector v is called cyclic for the representation if
IC(G•v) = V . A cyclic representation has a cyclic vector v. Cyclic representa-
tions have not to be irreducible (simple), e.g. the reducible representation[1]
IR ∋ t 7−→
(
1 it
0 1
)
∈ SU(1, 1) with invariant subspace
(
IC
0
)
and cyclic vector(
0
1
)
. This representation describes the time development of a free Newto-
nian mass point[27]
(
x(t)
ip(t)
)
=
(
1 − it
m
0 1
)(
x(0)
ip(0)
)
. According to Maschke and
Weyl[22, 16], ‘irreducible’ and ‘cyclic’ coincide for compact groups.
Physical examples for cyclic vectors are ground states where a nontriv-
ial fixgroup characterizes a degenerate ground state (‘sponteneous symmetry
breakdown’). E.g., a ground state for the electroweak standard model of quark
and lepton fields with their interactions is characterized by an electromag-
netic U(1) as fixgroup (‘little group’) in the represented interaction inducing
hypercharge-isopin group U(2).
To define ‘realness’ in a complex representation of a real Lie group, the re-
presentation vector space has to come with a conjugation, i.e. the represented
Lie group has to be a unitary group - definite or indefinite unitary. E.g.
the complex four dimensional Dirac representation of the real Lorentz group
SL( IC2) is a subgroup of the indefinite unitary group SU(2, 2).
Group functions ICG = {f : G −→ IC} are a ‘huge’ representation space of
the ‘doubled’ group G×G with the both sided (left and right) regular action
f
Lg×Rk7−→ gfk where gfk(h) = f(g−1hk). Complex group functions come with the
number induced conjugation f ↔ fˆ , fˆ(g) = f(g−1) (definite unitary U(1)).
Of importance are the Banach spaces with the Lebesque function classes
Lp(G), 1 ≤ p ≤ ∞, on a locally compact group9 with, especially, the Hilbert
space with the square integrable functions L2(G), the convolution group al-
gebra L1(G) and, as its topological dual, the essentially bounded functions
L∞(G). All Lebesque spaces are L1(G)-convolution modules L1(G)∗Lp(G) −→
Lp(G). For compact groups the group algebra is maximal Lp(G) ⊇ Lq(G) if
p ≤ q.
9For the function (classes) Lp
dµ
(S) where the S-measure dµ is unique up to a scalar factor, e.g. Haar
measure dg for a locally compact group, the measure is omitted in the notation Lp(S). Finite groups with
discrete topology are compact and have counting measure.
12
Representations in definite unitary groups are called Hilbert (representa-
tions). All compact group representations are Hilbert. Reducible represen-
tations of compact groups are decomposable into orthogonal direct sums of
irreducible ones, the irreducible (cyclic, simple) representations are - according
to Weyl - finite dimensional.
In the twofold dichotomy abelian-nonabelian and compact-noncompact,
exemplified for finite dimensional real Lie groups with r ≥ 1
abelian nonabelian
compact U(1) SU(1 + r)
noncompact D(1) SL( IC1+r)
the Hilbert representation structure of nonabelian noncompact Lie operations,
is much more complicated than that for compact and abelian ones.
According to Gelfand and Raikov[19], a Hilbert representation of a locally
compact group G is an orthogonal direct sum of cyclic ones and - relevant for
noncompact groups - an orthogonal direct integral of irreducible ones. Faith-
ful Hilbert representations of noncompact locally compact groups are infinite
dimensional.
Only for compact groups, all representations act upon Hilbert spaces with
square integrable functions as group algebra subspaces L2(G) ⊆ L1(G). In
general, the cyclic Hilbert representations of a locally compact group G are -
up to equivalence - bijectively related to positive type group functions. Such
a function is defined as an essentially bounded function L∞(G) which endows
the group algebra with a definite product - L1(G) becomes a pre-Hilbert space
ω ∈ L∞(G)
f ∈ L1(G)
}
with 〈f |f〉ω = (fˆ ∗ ω ∗ f)(e)
=
∫
G×G dµ(g)dµ(g
′)f(g−1)ω(gg′)f(g′) ≥ 0
Any vector of a Hilbert representation space gives, by its diagonal matrix
elements, a positive type function G ∋ g 7−→ 〈v|g • v〉 = ω(g). The positive
type functions are diagonal matrix elements of cyclic vectors.
Irreducible representations of locally compact groups are characterized by
invariants, constituing the dual group space, for Hilbert representations the
definite dual group space. The definite dual group space (invariants) comes
with a Plancherel measure, uniquely associated to a Haar measure of the group.
Locally compact noncompact nonabelian groups have also Hilbert representa-
tions with trivial Plancherel measure, e.g. the supplementary representations
of the nonabelian Lorentz groups SO0(1, s), s ≥ 2.
4.2 Hilbert Representations
of Abelian and Compact Groups
The Hilbert representations of the abelian Lie subgroups D(1) ∼= IR and U(1)
are basic for Hilbert representations of all real Lie groups.
The irreducible Hilbert representations of the abelian noncompact groups
(‘translations’ of rank r) are IRr ∋ x 7−→ eipx ∈ U(1) (unfaithful). The
1-dimensional Hilbert spaces IC|p〉 are spanned by one normalized eigenvector
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〈p|p〉 = 1 with the translation behavior |p(x)〉 = eipx|p〉 and the matrix element
〈p(y)|p(x)〉 = eip(x−y). In physics, the eigenvalues p ∈ IRr as linear invariants
are used as energy-momenta. The combinations {cos px, sin px} are matrix
elements of selfdual representations. There, the Hilbert space IC|p〉 ⊕ IC〈p| is
spanned by the dual basic vectors of the irreducible representations.
In physics, translation representations characterize free states, e.g. free
scattering states in position space IR3 or free particles in spacetime IR4. This
structure is familiar from the simplest example, the harmonic oscillator with
frequency (energy) E ∈ IR where the creation operator gives the eigenvec-
tor u(E)|0〉 = |E〉 with the time translation action |E(t)〉 = eiEt|E〉. The
position and momentum operator x = u(E)+u
⋆(E)√
2
and ip = u(E)−u
⋆(E)√
2
are
linear combinations of creation and annihilation operators and span the self-
dual representation space with the time development of position-momentum
IR ∋ t 7−→
(
cosEt i sinEt
i sinEt cosEt
)
∈ SO(2) involving 〈x(s)|x(t)〉 = i sinE(t− s) etc.
The Plancherel measure, associated to the Haar-Lebesque measure drx
of the translations IRr, is the Haar-Lebesque measure dr p
2π
of the (energy-
)momenta IRr (dual group with linear invariants). It comes with Schur’s
orthogonality[4] for the matrix elements of inequivalent representations by in-
tegrating with a Haar measure over the group
∫
drx eipxe−ip
′x = δ(p−p
′
2π
)
and is used for the harmonic analysis of the translation functions L2(IRr)
(Fourier integrals).
If functions, acted upon with a representation of a space and time transla-
tion group x ∈ IRr, are Fourier transformable (f, ω)(x) = ∫ drp
(2π)r
(f˜ , ω˜)(p)e−ipx,
a positive type function ω for the scalar product
〈f1|f2〉ω = ∫ dnx dnx′ f1(x) ω(x′ − x) f2(x) = ∫ drp(2π)r f˜1(p) ω˜(p) f˜2(p)
is expressed with a positive distribution ω˜ for the dual group with energies and
momenta p ∈ IRr.
The irreducible Hilbert representations eiϕ 7−→ eizϕ of the compact quotient
IR/ZZ ∼= U(1) ∼= SO(2), faithful for z 6= 0, are given with the winding numbers
(linear invariants) constituing the discrete dual group z ∈ ZZ ∼= IR/U(1). A
physical example are the electromagnetic charge numbers, integer multiples of
one basic charge. Again, the 1-dimensional Hilbert spaces IC|z〉 are spanned by
one normalized eigenvector 〈z|z〉 = 1. The Plancherel measure associated to
the normalized Haar measure d ϕ
2π
of U(1) is the counting measure (dimension)
d(z) = 1 of the winding numbers (dual group space). Schur’s orthogonality
reads
∫ 2π
0 d
ϕ
2π
eizϕe−iz
′ϕ = δzz′. It is used for the harmonic analysis of the group
functions Lp(U(1)) (Fourier series).
Compact groups of rank r have discrete eigenvalues (weights) in ZZr, the
dual groups of U(1)r, e.g. (iso)spin SU(2) or color SU(3) or flavor groups
SU(1 + r). Extending U(1) by spherical degrees of freedom, the irreducible
Hilbert representations of (iso)spin SU(2) ∋ u 7−→ 2J(u) and its quotient
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SO(3), e.g. for J = 1 with Euler angles
SU(2) ∋ u =
(
ei
ϕ+χ
2 cos θ
2
ie−i
ϕ−χ
2 sin θ
2
iei
ϕ−χ
2 sin θ
2
e−i
ϕ+χ
2 cos θ
2
)
7−→ 2(u) =

 e
i(ϕ+χ) cos2 θ
2
ieiχ sin θ√
2
−e−i(ϕ−χ) sin2 θ
2
ieiϕ sin θ√
2
cos θ ie−iϕ sin θ√
2
−ei(ϕ−χ) sin2 θ
2
ie−iχ sin θ√
2
e−i(ϕ+χ) cos2 θ
2

 ∈ SO(3) ⊂ SU(3)
are given with the invariants 2J ∈ IN (spins as dual group space) with scalar
product 〈J ; a′|J ; a〉 = δa−a′ (for spherical bases). The Plancherel counting mea-
sure d(J) = 1+ 2J (dimension of the irreducible Hilbert spaces) associated to
the normalized Haar measure d3u of SU(2) can be read off Schur’s orthogo-
nality for the representation matrix elements
∫
SU(2) d
3u 2J ′(u)a′b′ 2J(u)
a
b =
1
1+2J
δJJ ′δ
a
−a′δ
−b′
b
e.g. for J = 1:
∫ 2π
−2π d
χ
4π
∫ 2π
0 d
ϕ
2π
∫ 1
−1 d
cos θ
2
|ei(ϕ+χ) sin2 θ
2
|2 = 1
3
The Plancherel measure
∞∑
2J=0
(1+2J) is used in the harmonic expansion of spin
group functions L2(SU(2)) as an example for the Peter-Weyl theorem[23] for
compact groups.
4.3 Induced Representations
All Hilbert representations of a locally compact Lie group G are inducable10
from those of its closed subgroups {H ⊆ G}. The induced representations[3,
26, 21, 12, 4] act upon the vector space with the mappings WG/H from the
H-classes of the group into a vector space W with a Hilbert representation of
the subgroup H
w : G/H −→W, gH 7−→ w(gH)
As discussed in the literature, the mappings WG/H have to be ‘appropriately’
defined with respect to ‘smoothness’ and measurability.
For finite dimension W ∼= ICd the mappings can be expanded (decomposed)
into a direct integral with a G-invariant measure dgH for the classes, a W -
basis {ea(gH)}1=1,...,d for each coset gH ∈ G/H and the function values as
coefficients
WG/H ∋ w =⊕∫ dgH w(gH)ae(gH)a, dim ICWG/H = d cardG/H
also in bra-ket-notation, e.g. |w〉 and |gH, a〉, with the identity decomposition
(sum over a)
idWG/H
∼=⊕∫ dgH |gH, a〉〈gH, a|
A positive measure has an associated Dirac distribution which, for an orthonor-
mal W -basis, defines a scalar product distribution
〈g′H, a′|gH, a〉 = δaa′δ(gH, g′H) where
∫
dgH δ(gH, g′H)f(g′H) = f(gH)
10The basic structure for induced group actions is the group left action on subgroup right classes G ×
G/H −→ G/H, (k, gH) −→ kgH.
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In general, the induced G-representations
G×WG/H −→WG/H , (k, w) 7−→ k • |w〉 =⊕∫ dgH w(kgH)a|kgH, a〉
are highly decomposable, e.g. with Frobenius’ reciprocity theorem[3] for com-
pact groups.
For practical purposes, convenient subgroups H ⊆ G have to be chosen.
E.g., the trivial subgroup {e} ⊆ G induces the left regular G-representation
on the complex group functions ICG which contains all G-representations. A
representation of the full group ‘induces itself’ with WG/G ∼= W .
4.4 Residual Representations
The eigenvalues (weights) for eigenvectors in a Lie group representation are
from a discrete or continuous spectrum. They are linear Lie algebra forms, e.g.
the winding numbers z ∈ ZZ ⊂ IR for U(1), the spin directions 2J3 ∈ ZZ ⊂ IR
for SU(2) or the energies E ∈ IR for time translations IR and the momenta ~p ∈
IR3 for position trnaslations IR3. The invariants arise from linear Lie algebra
forms in the abelian case and from at least bilinear form in the nonabelian
case, e.g. the spin Casimir ~J2 from the Killing form or the Euclidean invariant
~p2. A group acts on its Lie algebra and its forms in the adjoint and coadjoint
representation. There exist formulations for representation matrix elements as
residues of functions on complex Lie algebra forms[28, 29, 30, 31], e.g. for the
abelian groups
U(1) ∋ eimx = ∮ dp
2iπ
1
p−me
ipx =
∫
dp δ(p−m)eipx, m ∈ IR
A not so trivial example is the residual representation of the matrix elements
of the simple group SU(2), involving the derived Dirac distribution, i.e. the
derived 2-sphere measure, supported by the value for the invariant ~p2 = n2
SU(2) ∋ ein~x = ∫ d3p
π
(n12 + ~p)δ
′(n2 − ~p2)ei~p~x = 12 cosn|~x|+ i~x sinn|~x||~x|
n = 2J = 0, 1, . . .
Euclidean IRn-vectors are written with arrows, e.g. here with Pauli matrices
~x = xaσa =
(
x3 x1 − ix2
x1 + ix2 −x3
)
∈ IR3 (more below).
The Dirac and principal value distributions are imaginary and real part in
the associated complex distribution
a ∈ IR : Γ(1+N)
(a∓io)1+N =
Γ(1+N)
a1+NP
± iπδ(N)(−a), N = 0, 1, . . .
(Derived) Dirac distributions will be also called (multi)pole distributions.
The distributions of Lie algebra forms show, on the one side, the repre-
sentation characteristic invariants as complex singularities, e.g. as poles or as
support of distributions, and, on the other side, the structure of the Hilbert
space where the representation acts upon. The measures and distributions lead
to distributions of Hilbert bases, to distributions of the scalar product and to
functions on the Lie algebra forms as Hilbert space vectors (more below).
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5 Simple Poles for Translations
Hilbert representations of affine subgroups G ~× IRn with a homogeneous group
G ⊆ GL(IRn) acting on translations IRn - in the following for the semidirect
‘basic physical Lie operations’
D(1) ~× IR and SO(2) ~× IR2, SO0(1, 1) ~× IR2, H(1) ∼= IR ~× IR2
are inducable[26, 21] from Hilbert representations of direct product subgroups
H × IRn which involve a fixgroup H ⊆ G of the (energy-)momenta from the
dual group IRn. An appropriate measure for the homogeneous space G/H is
constructed from G-orbits of the (energy-)momenta. The homogeneous group
restricts and collects the translation representations x 7−→ eipx with the invari-
ants. E.g. for the nonrelativistic scattering group SO(3) ~× IR3, all translation
characters ei~p~x are collected with the momentum square {~p ∈ IR3~p2 = P 2}.
5.1 The Affine Group in one Dimension - Causal Time
In the group
(
1 0
−t eψ
)
∈ D(1) ~× IR, interpreted as dilations D(1) acting upon
time translations IR ∋ t 7−→ eψt, the energies are the eigenvalues for the time
translations with the dual dilation action IR ∋ E 7−→ e−ψE.
A Cartan subalgebra is spanned by the dilation generator with adjoint re-
presentation ad l1 =
(
0 0
0 1
)
- for the translations ad l2 =
(
0 0
−1 0
)
. The Killing
form of the Lie algebra tr ad la ◦ ad lb ∼=
(
1 0
0 0
)
is degenerate, there is no
nontrivial invariant.
The Hilbert representations are inducable from the D(1)-action on the
energies. For trivial energy E = 0 with full fixgroupD(1) and, therefore, trivial
D(1)-orbit there are the 1-dimensional representations D(1) ∋ eψ 7−→ eimψ ∈
U(1) given above. These representations are faithful only for D(1) ~× IR/IR ∼=
D(1).
Nontrivial energies E = ±|E| 6= 0, have trivial fixgroup (little group) and,
therefore, D(1)-isomorphic orbits IR± = (0,±∞) (either positive or negative
energies). They lead to the two equivalence classes of faithful Hilbert represen-
tations, induced from the U(1)-representation of time translations IR ∋ t 7−→
eiEt. These representations are orbit-integrated with invariant energy-measure
and the characteristic functions for positive and negative energies to give as
matrix elements for the two irreducible representations
t 7−→ ±i ∫ dE ϑ(±E)eiEt = 1
t∓io =
1
tP
± iπδ(t) where
{
ϑ(±E) = 1±ǫ(E)
2
ǫ(E) = E|E|
Now, the Hilbert spaces for causal time representations: In contrast to the
1-dimensional irreducible representations IR ∋ t 7−→ eiEt ∈ U(1) with only one
eigenvalue and eigenvector |E〉 with 〈E|E〉 = 1, the D(1) ~× IR representations
use either all positive or all negative energies. Here, the irreducible Hilbert
spaces have infinite dimensions. Basis distributions (no Hilbert vectors) on
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the D(1)-orbit for the two Hilbert spaces are given with an orthogonal and
positive scalar product distribution
{|E±〉
E = ±|E| ∈ IR} with


∫ dE
2π
ϑ(±E)|E±〉〈E±| = idL2(IR±
|E±〉 IR7−→ eiE±t|E±〉
〈E ′±|E±〉 = ϑ(±E)δ(E−E
′
2π
)
〈E ′+|E−〉 = 0
Vectors |f±〉 from the Hilbert spaces with their scalar product use energy
packets E 7−→ f(E)
|f±〉 = ∫ dE2π f(E)|E±〉 ⇒ 〈f ′+|f+〉 = ∫∞0 dE2π f ′+(E)f+(E)
The two types of representations act upon functions f± ∈ L2(IR±), square
integrable on the D(1)-energy orbits, i.e. on the positive and on the negative
energies. The Hilbert product, written with time dependent functions, employs
the advanced and retarded distribution
f±(E) = ϑ(±E) ∫ dt f˜(t) eiEt
⇒ 〈f ′+|f+〉 =
∫
dtdt′ f˜ ′(t′) 1
2iπ
1
t−t′−io f˜(t)
The translation function scalar product
∫
dtdt′ f˜ ′(t′)δ(t − t′)f˜(t) is restricted
corresponding to the action of the homogeneous dilation group D(1).
The dilation invariance of the scalar product distribution determines the
dilation behavior of the basis distribution
E 7−→ e−ψE ⇒ δ(E − E ′) 7−→ eψδ(E −E ′)
⇒ |E±〉 7−→ eψ2 |E±〉
5.2 The Flat Euclidean Group
- Scattering in the Plane
In the flat Euclidean group nontrivial momenta have trivial fixgroup
SO(2) ~× IR2 −→ IR2 :
(
cos θ − sin θ
sin θ cos θ
)(
p1
p2
)
=
(
p1
p2
)
⇒ Hp 6=0 = {1}
Their orbits are isomorphic to the homogeneous group SO(2), i.e. to circles
in the momentum plane. Therewith, the Hilbert spaces with faithful represen-
tations are orthogonal direct integrals over the 1-sphere with the normalized
Haar measure
for SO(2)
with P > 0
:


∫ d2p
π
δ(~p2 − P 2) = ∫ P−P dp1π√P 2−p21 =
∫ 2π
0
dθ
2π
~p2 = p21 + p
2
2,
p2
p1
= tan θ
The translation representations IR2 ∋ ~x 7−→ ei~p~x have the momenta as
eigenvalues with a positive invariant momentum squared P 2 for the Casimir
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element characterizing an irreducible representation. The matrix elements for
the irreducible representations
P 2 > 0 : ~x 7−→ ∫ d2p
π
δ(~p2 − P 2)ei~p~x = J0(P |~x|)
contain the integer index Bessel function[15] (appendix ‘Residual Distribu-
tions’)
IR ∋ ξ 7−→ J0(ξ) = ∫ π0 dθπ cos(ξ cos θ) =
∞∑
k=0
(− ξ2
4
)k
(k!)2
, J0(0) = 1
By derivatives ∂
∂~x
one obtains matrix elements for nontrivial representations
of axial rotations SO(2).
The infinite dimensional Hilbert spaces with the irreducible representations
for P 2 > 0 have a basis distribution of scattering ‘states’ in the plane IR2 with
the momenta on the SO(2)-orbit, i.e. on the circle with fixed momentum
radius P . They have the orthogonal and positive distribution of the scalar
product
{|P 2; θ〉0 ≤ θ < 2π} with


∫ dθ
2π
|P 2; θ〉〈P 2; θ| ∼= idL2(SO(2))
|P 2; θ〉 IR27−→ ei~p~x|P 2; θ〉
with ~p = P (cos θ, sin θ)
〈P 2; θ′|P 2; θ〉 = δ( θ−θ′
2π
)
The Hilbert space vectors |P 2; f〉 are square integrable wave packets f ∈
L2(Ω1) on the momentum sphere
|P 2; f〉 = ∫ 2π0 dθ2π f(θ)|P 2; θ〉 = ∫ d2pπ δ(~p2 − P 2)f(~p)|~p〉
〈P 2; f ′|P 2; f〉 = ∫ 2π0 dθ2π f ′(θ)f(θ) = ∫ d2pπ f ′(~p)δ(~p2 − P 2)f(~p)
The Hilbert product in translation dependent functions f(~p) =
∫
d2x f˜(~x)ei~p~x
employs the Bessel function which modifies the scalar product for translation
functions
∫ d2xd2x′
2
f˜ ′(~x′)δ(~x − ~x′)f˜(~x) according to the action of the homoge-
neous group SO(2)
〈P 2; f ′|P 2; f〉 = ∫ d2xd2x′
2
f˜ ′(~x′)J0(P |~x− ~x′|)f˜(~x)
The angle, momentum und translation dependent functions could be writ-
ten with the same symbol (f(θ), f(~p), f(~x)) - the same function expanded in
θ, ~p or in ~x. Somewhat inconseqently, the notation is (f(θ), f(~p), f˜(~x)).
Schur’s orthogonality for the square integrable representation matrix ele-
ments involves the integration over the translations, e.g.∫
d2x J0(P |~x|)J0(P ′|~x|) = 4πδ(P 2 − P ′2)
This replaces, in 2-dimensional position space (in general in even dimensional
position), the Huygen-Fresnel principle with spherical Bessel functions, e.g.
j0(P |~x|) = sinP |~x|P |~x| =
∫ d3p
2π
1
|P |δ(~p
2 − P 2)ei~p~x of 3-dimensional (in general odd
dimensional) position SO(3) ~× IR3.
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5.3 The Flat Poincare´ Group
- Spinless Free Particles
Also in the flat Poincare´ group nontrivial energy-momenta have trivial fixgroup
SO0(1, 1) ~× IR2 −→ IR2 :
(
coshψ − sinhψ
− sinhψ coshψ
)(
q0
q1
)
=
(
q0
q1
)
⇒ Hq 6=0 = {1}
The orbits are - up to for the lightcone energy-momenta q2 = 0 - isomorphic
to hyperbolas SO0(1, 1) ∼= Y1 in the energy-momentum plane. Therewith,
the Hilbert spaces with faithful representations are orthogonal direct integrals
with Haar measure
for SO0(1, 1) :


∫ d2q
π
ϑ(±q0)δ(q2 −m2) = ∫∞0 dq12π√q21+m2 =
∫∞
0
dψ
2π
q2 = q20 − q21 , q1q0 = tanhψ
The measure can be parametrized with momenta as familiar from particle
quantum fields in 4-dimensional Minkowski spacetime or with a hyperbolic
‘angle’.
For 2-dimensional Minkowski spacetime, there is an obvious isomorphy
between spacelike y2 < 0 and timelike y2 > 0 with a timelike and a spacelike
order structure.
The translation representation matrix elements have the energy-momenta
as eigenvalues with positive and negative invariant (‘mass’) for the Casimir
element Q2. The matrix elements for the two types of inequivalent irreducible
representations {±m2m2 > 0} with nontrivial invariant
m2 > 0 : y 7−→ ∫ d2q
π
δ(q2 ∓m2)eiqy = ϑ(∓y2) 2
π
K0(|my|)− ϑ(±y2)N0(|my|)
with |y| =
√
|y2| ≥ 0
come with the order 0 Macdonald function
IR ∋ ξ 7−→ 2K0(ξ) = ∫ dψ e−|ξ| coshψ = − ∞∑
n=0
( ξ
2
4
)n
(n!)2
[log ξ
2
4
− 2Γ′(1)− 2ϕ(n)]
ϕ(0) = 0, ϕ(n) = 1 + 1
2
+ . . .+ 1
n
, n = 1, 2, . . .
−Γ′(1) = limn→∞[ϕ(n)− log n] = 0.5772 . . .
which - for imaginary argument - is the Neumann function N0 with the Bessel
function J0
2K0(iξ) = ∫ dψ ei|ξ| coshψ = −πN0(ξ) + iπJ0(ξ)
By derivatives ∂
∂x
one obtains representation matrix elements with nontriv-
ial boost (dilation) SO0(1, 1)-properties.
The representation matrix elements for positive translation invariant are
familiar as the on-shell part of the Feynman propagator for massive particles
1
iπ
1
q2−io−m2 = δ(q
2 −m2) + 1
iπ
1
q2P−m2
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Only the on-shell part gives a Hilbert representation matrix element of the
Poincare´ group SO0(1, s) ~× IR1+s.
The Hilbert spaces with the irreducible representations - have an orthog-
onal and positive basis distribution of free particles with energy-momenta
q = (
√
m2 + q21, q1) on the two shell hyperbola of mass ±m2 6= 0
{|m2; q1〉
q1 ∈ IR} with 〈m2; q′1|m2; q1〉 =
√
m2 + q21 δ(
q1−q′1
2π
)
{| −m2; q0〉
q0 ∈ IR} with 〈−m2; q′0| −m2; q0〉 =
√
m2 + q20 δ(
q0−q′0
2π
)
From now on, explicitly only for
{|m2;ψ〉ψ ∈ IR} with


∫ dψ
2π
|m2;ψ〉〈m2;ψ| = idL2(SO(1,1))
|m2;ψ〉 IR27−→ eiqy|m2;ψ〉
with q = m(± coshψ, sinhψ)
〈m2;ψ′|m2;ψ〉 = δ(ψ−ψ′
2π
)
The square integrable Hilbert space vectors are wave packets f ∈ L2(SO(1, 1))
of momenta on the mass hyperboloid Y12 = Y1+ ∪ Y1− ∼= SO(1, 1)
|m2; f〉 = ∫ dψ
2π
f(ψ)|m2;ψ〉 = ∫ d2q
π
δ(q2 −m2)f(q)|q〉
〈m2; f ′|m2; f〉 = ∫ dψ
2π
f ′(ψ)f(ψ) =
∫ d2q
π
f ′(q)δ(q2 −m2)f(q)
For spacetime translation dependent functions f(q) =
∫
d2y f˜(y)eiqy, the
Hilbert product is restricted according to the homogeneous action with the
orthochronous Lorentz group by the change of δ(y − y′) into the combination
of Macdonald and Neumann function
〈m2; f ′|m2; f〉 = ∫ d2yd2y′
2
f˜ ′(y′)
[
ϑ(−z2) 2
π
K0(|mz|)− ϑ(z2)N0(|mz|)
]
z=y−y′ f˜(y)
If, for Schur’s orthogonality with different invariants, the integration is
performed over the translations there remains the infinite measure of the hy-
perboloid ∫
d2y
∫ d2q
π
δ(q2 −m2)eiqy ∫ d2q′
π
δ(q′2 −m′2)eiq′y
= δ(m2 −m′2)4 ∫ d2q δ(q2 − 1)
The representation matrix elements are not square integrable.
5.4 The Heisenberg Group
- Nonrelativistic Quantum Mechanics
In the Heisenberg group as semidirect product H(1) = IR ~× IR2 the homoge-
neous group eqx ∈ IR with the position x ∼=
(
0 1
0 0
)
acts on the abelian nor-
mal subgroup IR2 with momentum p ∼=
(
0
1
)
and the central action operator
I = [x,p] ∼=
(
1
0
)
IR ~× IR2 −→ IR2 :
(
1 q
0 1
)(
t
y
)
=
(
t + qy
y
)
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I generates the invariants.
The position action upon the dual space (h¯, p) ∈ IR2 with (ih¯, ip) the
eigenvalues for the action of (I,p)
〈(h¯, p),
(
t
y
)
〉 = th¯+ yp, (h¯, p)
(
1 −q
0 1
)
= (h¯, p− h¯q)
has two types of fixgroups with corresponding orbits: The fixgroups are char-
acterized either by trivial or by nontrivial eigenvalue h¯ ∈ IR
(h¯ = 0, p) has full fixgroup IR and point orbit {(0, p)} ∼= {1}
(h¯ 6= 0, p) has trivial fixgroup {1} and line orbit (h¯, IR) ∼= IR
Correspondingly, there are two types of representations (Stone-von Neu-
mann theorem[13]): The 1st type with trivial representations of the cen-
tral action operator I ∈ centrH(1), i.e. invariant h¯ = 0, leads to classi-
cal unfaithful representations of the Heisenberg group with commuting posi-
tion and momentum, i.e. of the abelian adjoint Heisenberg group IntH(1) =
H(1)/ centrH(1) ∼= IR2. The Hilbert representations of IR2 are given above.
The 2nd type with trivial fixgroup and a nontrivial I-eigenvalue ih¯ (there
is a spectrum of 0 6= h¯ ∈ IR) induces the quantum representations of the
Heisenberg group. Different action quanta h¯ 6= h¯′ define inequivalent repre-
sentations with I 7−→ ih¯1. These irreducible faithful representations integrate
the irreducible momentum p-representations IR ∋ y 7−→ eipy ∈ U(1) for all
momenta eigenvalues on the orbit line p ∈ IR with orthogonal and positive
scalar product distribution
h¯ 6= 0 : {|h¯; p〉p ∈ IR} with


∫ dp
2π
|h¯; p〉〈h¯; p| ∼= idL2(IR)
|h¯; p〉 IR7−→ eipy|h¯; p〉
〈h¯; p′|h¯; p〉 = δ(p−p′
2π
)
The Hilbert spaces consist of the square integrable momentum functions f ∈
L2(IR) which are isomorphic to the square integrable position functions f˜(y) =∫
dp f(p)eipy
|h¯; f〉 = ∫ dp
2π
f(p)|h¯; p〉
⇒ 〈h¯; f ′|h¯; f〉 = ∫ dp
2π
f ′(p)f(p) =
∫
dy f˜ ′(y)f˜(y)
The action of the Lie algebra momentum operator is given by the derivative
p 7−→ −ih¯ d
dy
.
A harmonic analysis of functions on the Heisenberg group H(n) uses the
classical Fourier components |0; f〉 with trivial Plancherel measure and the
quantum components |h¯; f〉 with Plancherel measure[4] |h¯|ndh¯ for the invariant
values of I.
6 Dipoles for Simple Groups
In contrast to the representations of abelian groups (translations) IRn with
pole singularities (Dirac distributions), simple groups use higher order poles
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(derived Dirac distributions). This will be exemplified for the simplest sim-
ple compact and noncompact Lie groups, the ‘basic Lie operations’ SU(2)
and SU(1, 1) with rank 1, twofold covering SO(3) and SO0(1, 2), the small-
est nonabelian Lorentz group for an odd dimensional spacetime SO0(1, 2R),
R = 1, 2, . . .. Here everything is explicitly known. For the noncompact group
SL(IR2) ∼ SO0(1, 2), the definite group dual has been given by Bargman[17, 7].
In the usual procedure (more detailed formulations in the literature) the
group SL(IR2) ∼= SU(1, 1) is used in the defining representation on real 2-
vectors and their component ratio(
ξ1
ξ2
)
7−→
(
a b
c d
)(
ξ1
ξ2
)
=
(
aξ1 + bξ2
cξ1 + dξ2
)
⇒ ξ = ξ1
ξ2
7−→ aξ+b
cξ+d
The SL(IR2)-transformation behavior of complex functions of the ratio ξ 7−→
F (ξ), induced by a representation of a Cartan subgroup SO(2) or SO0(1, 1)
is given by
(
(
a b
c d
)
• F )(ξ) = ηµ(cξ + d)−1−µF (aξ+bcξ+d)
where the power µ ∈ IC in the overall factor is the Cartan subgroup represen-
tation characterizing invariant and ηµ a representation dependent sign factor.
The Cartan subgroup representation determines the homogeneouity property
of the functions in one irreducible representation.
In the following, an orientation for SU(2)-Hilbert representations - as a
warm up - and for SU(1, 1)-Hilbert representations is given by applying the
inducing procedure and residual representations in a spacetime and energy-
momentum oriented language. For the noncompact simple group there arise
both square integrable Hilbert spaces and Hilbert spaces defined with positive
type functions.
6.1 Multipoles for the Nonrelativistic Hydrogen Atom
A familiar example of higher order poles for simple Lie operations, discussed
in more detail in[32], are the Schro¨dinger bound states functions for the non-
relativistic hydrogen atom with Hamiltonian ~p
2
2
− 1|~x| . The related Lenz-Runge
invariance (perihel conservation)[18] leads to the action group SO(4) with the
rotation group classes the 3-sphere Ω3 ∼= SO(4)/SO(3). The Ω3-measure has
a momentum parametrization by dipoles
IR4 ∋
(
cosϕ
~ω sinϕ
)
= 1√
~p2+1
(
1
~p
)
,
∫
dΩ3 =
∫
d3p 2P
(~p2+P 2)2
= 2π2
with the imaginary ‘momentum’ invariant ~p2 = −P 2. Its Fourier transform
is the hydrogen ground state
∫ dΩ3
2π2
e−i~p~x = e−Pr with binding energy −2E =
P 2 = 1 for principal quantum number k = 1. It is a representation matrix
element of nonrelativistic position as symmetric space Y1 × Ω2 ∼= IR3. The
Ω3-spherical harmonics lead to higher order poles for the SO(4)-multiplets.
E.g., the position representation matrix elements in the quartet k = 2 (s- and
p-states) come with normalized SO(4)-vectors
e(~p) = 1
~p2+1
(
~p2 − 1
2i~p
)
∈ IR4, 〈e(~p)|e(~p)〉 = 1
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leading to 3rd order poles
∫ dΩ3
2π2
e( ~p
P
)e−i~p~x =
∫ d3p
π2
P
(~p2+P 2)3
(
~p2 − P 2
2iP ~p
)
e−i~p~x = 1
2
(
1− Pr
P~x
)
e−Pr
with − 2E = P 2 = 1
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In general, there are order (1+ k)-poles with power (k− 1)-tensors e(~p)k−1 for
bound states with energy −2E = P 2 = 1
k2
and k = 1, 2, . . .
6.2 3-Space and (1,2)-Spacetime as Lie Algebras
The groups SU(2) and SU(1, 1) in the defining representation by (2 × 2)-
matrices W ⊗W T ∼= IC2 ⊗ IC2 have a Lie algebra parametrization almost ev-
erywhere
SU(2) ∋ ei~x = 12 cos |~x|+ i~x|~x| sin |~x|
SU(1, 1) ∋ eiy = ϑ(y2)[12 cos |y|+ iy|y| sin |y|]
+ϑ(−y2)[12 cosh |y|+ iy|y| sinh |y|]
using a 3-dimensional Euclidean space ~x ∈ i logSU(2) and (1, 2)-spacetime
y ∈ i logSU(1, 1)
i~x = ix3σ3 + ix1σ1 + ix2σ2 =
(
ix3 ix1 + x2
ix1 − x2 −ix3
)
∈ logSU(2) ∼= IR3
invariant ~x2 = 1
2
tr ~x ◦ ~x = det i~x = x23 + x21 + x22
iy = iy0σ3 + y1σ1 + y2σ2 =
(
iy0 y1 − iy2
y1 + iy2 −iy0
)
∈ logSU(1, 1) ∼= IR1+2
invariant y2 = 1
2
tr y ◦ y = det iy = y20 − y21 − y22
|y| =
√
|y2|
The invariants are generated by the quadratic Killing invariant which gives the
Euclidean and Lorentz metric. The compact parameter space is restricted to
~x2 < (2π)2 for SU(2) and to the timelike ‘subhyperboloid’ ϑ(y2)y2 < (2π)2 for
SU(1, 1).
The group acts adjointly on its Lie algebra ~x 7−→ u ◦~x ◦u−1 for u ∈ SU(2)
and y 7−→ v ◦ y ◦ v−1 for v ∈ SU(1, 1). Obviously in this case, the group
transformations u and v cannot be parametrized with ~x and y. E.g. group
parametrizations with independent Euler ‘angles’ can be used
u(ϕ, θ, χ) =
(
ei
ϕ+χ
2 cos θ
2
iei
ϕ−χ
2 sin θ
2
ie−i
ϕ−χ
2 sin θ
2
e−i
ϕ+χ
2 cos θ
2
)
= ei
ϕ
2
σ3ei
θ
2
σ1ei
χ
2
σ3 ∈ SU(2)
v(ϕ, ψ, χ) =
(
ei
ϕ+χ
2 cosh ψ
2
ei
ϕ−χ
2 sinh ψ
2
e−i
ϕ−χ
2 sinh ψ
2
e−i
ϕ+χ
2 cosh ψ
2
)
= ei
ϕ
2
σ3e
ψ
2
σ1ei
χ
2
σ3 ∈ SU(1, 1)
The dual vector spaces, i.e. the linear forms of the Lie algebras, are para-
metrized by momenta and by energy-momenta
~p ∈ IR3 ∼= (logSU(2))T , q ∈ IR3 ∼= (logSU(1, 1))T
both with the corresponding coadjoint action. The nontrivial SU(2)-momen-
ta, e.g. σ3, have a spherical orbit parametrization (polar coordinates) where
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the fixgroup ei
χ
2
σ3 ∈ SO(2) parameter drops out
SU(2) : u(ϕ, θ, χ) ◦ σ3 ◦ u(ϕ, θ, χ)−1 =
(
cos θ −ieiϕ sin θ
ie−iϕ sin θ − cos θ
)
~p2 > 0⇒
(
p3
p1
p2
)
=
√
~p2
(
cos θ
sin θ sinϕ
sin θ cosϕ
)
For the energylike SU(1, 1)-energy-momenta, e.g. σ3 with fixgroup e
iχ
2
σ3 ∈
SO(2), there are the corresponding hyperbolic orbit (‘polar’) coordinates
SU(1, 1) : v(ϕ, ψ, χ) ◦ σ3 ◦ v(ϕ, ψ, χ)−1 =
(
coshψ −eiϕ sinhψ
e−iϕ sinhψ − coshψ
)
q2 > 0⇒
(
q0
q1
q2
)
=
√
q2
(
coshψ
sinhψ sinϕ
sinhψ cosϕ
)
For the momentumlike energy-momenta, e.g. iσ1 with fixgroup e
ξ
2
σ1 ∈ SO0(1, 1),
another parametrization with two noncompact parameters is appropriate
w(ϕ, ψ, ξ) = ei
ϕ
2
σ3e
ψ
2
σ2e
ξ
2
σ1
= ei
ϕ
2
σ3
(
cosh ψ
2
−i sinh ψ
2
i sinh ψ
2
cosh ψ
2
)(
cosh ξ
2
sinh ξ
2
sinh ξ
2
cosh ξ
2
)
∈ SU(1, 1)
with the hyperbolic orbit (‘polar’) coordinates
SU(1, 1) : w(ϕ, ψ, ξ) ◦ iσ1 ◦ w(ϕ, ψ, ξ)−1 =
(
sinhψ ieiϕ coshψ
ie−iϕ coshψ − sinhψ
)
q2 < 0⇒
(
q0
q1
q2
)
=
√−q2
(
sinhψ
− coshψ cosϕ
coshψ sinϕ
)
The semidirect groups SO(1+s) ~×IR1+s and SO0(1, s) ~×IR1+s describe the
adjoint action of the homogeneous groups on their Lie algebras for
(
1+s
2
)
= 1+s,
i.e. only for 1 + s = 3. For 1 + s = 3, the Pauli spinor representation is
equivalent to its conjugated one, i.e. for group g ∼= gˆ = g−1⋆ and for the Lie
algebra l ∼= lˆ = −l⋆
for logSU(2) : −(i~x)⋆ = i~x
for logSU(1, 1) : −(iy)⋆ = iy0σ3 − y1σ1 − y2σ2 = σ3 ◦ iy ◦ σ3
The orthogonal structures for 1 + s = 3 are embedded into, but not triv-
ially generalizable to higher dimensions. E.g., even dimensional nonabelian or-
thogonal structures, starting with the rank 2 proper Lorentz group SL( IC2) ∼
SO0(1, 3), have two inequivalent left and right handed Weyl spinor representa-
tions, for the Lorentz group g = ei~α+
~β and gˆ = ei~α−~β. The Hilbert representa-
tions of SL( IC2) ∼ SO0(1, 3) have been given by Gel’fand and Naimark[8, 14, 7].
6.3 Hilbert Representations of SU(2) and SU(1, 1)
The two types of maximal abelian subgroups (Cartan subgroups) in SU(1, 1)
and the corresponding classes are parametrizable by time and position trans-
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lations
y2 > 0 : eiy0σ3 ∈ SO(2), SO0(1, 2)/SO(2) ∼= Y2
(1-shell ‘timelike’ hyperboloid)
y2 < 0 : ey1σ1 ∈ SO0(1, 1), SO0(1, 2)/SO0(1, 1) ∼= Y (1,1) = Y1 × Ω1
(1-shell ‘spacelike’ hyperboloid)
SO0(1, 2) ∼= SU(1, 1)/{±12}
The Hilbert representations of the compact and noncompact Cartan subgroups
have discrete and continuous eigenvalues {z, iq} in their dual groups - the
energy-momenta as linear Lie algebra forms
irrepU(1) ∼= ZZ ⇒ eiy0 7−→ eizy0 ∈ U(1), z ∈ ZZ
for discrete series
irrep +D(1)
∼= iIR ⇒
{
ey1 7−→ eiqy1 ∈ U(1), iq ∈ iIR
for principal series
The quadratic Killing invariants µ2 ∈ IR are called polarization n2 = z2 and
momentumlike invariant P 2 = −q2.
The measures for the compact classes SO(1+s)/SO(s) ∼= Ωs (spheres) and
for the noncompact ones SO0(1, s)/SO(s) ∼= Ys (energylike hyperboloids) and
SO0(1, s)/SO0(1, s−1) ∼= Y1×Ωs−1 = Y (1,s−1) (momentumlike hyperboloids)
are ∫
dΩs =
∫
d1+sp δ(~p2 − 1) = ∫ π0 (sin θ)s−1dθ ∫ dΩs−1∫
dYs = ∫ d1+sq ϑ(±q0)δ(q2 − 1) = ∫∞0 (sinhψ)s−1dψ ∫ dΩs−1∫
dY (1,s−1) = ∫ d1+sq δ(q2 + 1) = ∫∞0 (coshψ)s−1dψ ∫ dΩs−1
The distributions and residues for one dimension
∫ dq
iπ
1
q2−io−1e
iqt = ei|t|,
∫ dq
π
1
q2+1
eiqz = e−|z|
are both embedded in the two 3-dimensional distributions with energylike and
momentumlike invariant as poles whose Dirac contributions are the measures
of Ω2, Y22 and Y (1,1)
SU(2) :
∫ d3p
2π2
1
~p2−io−1e
i~p~x = e
i|~x|
|~x|
SU(1, 1) :


∫ d3q
2π2
1
q2−io−1e
iqy = ϑ(−y
2)ie−|y|−ϑ(y2)ei|y|
|y|∫ d3q
2π2
1
q2−io+1e
iqy = −ϑ(y
2)e−|y|+iϑ(−y2)e−i|y|
|y|
The order structure of spacetime IR1+s is encoded in the two causal distri-
butions, the advanced and retarded one
1
(q∓io)2−1 =
1
q2P−1
± iπǫ(q0)δ(q2 − 1)
with (q ∓ io)2 = (q0 ∓ io)2 − ~q2
1
q2∓io−1 =
1
q2P−1
± iπδ(q2 − 1)
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The sum of advanced and retarded distribution coincides with the sum of
the two conjugated Feynman distributions. The Fourier transformation of
advanced and retarded distributions are supported by future and past
∫ d1+sq
π
1
q2
P
−1e
iqy = iǫ(y0)
∫
d1+sq ǫ(q0)δ(1− q2)eiqy∫ d1+sq
2π
1
(q∓io)2−1e
iqy = ±iϑ(±y0) ∫ d1+sq ǫ(q0)δ(1− q2)eiqy
= ϑ(±y0) ∫ d1+sqπ 1q2P−1eiqy
The Feynman distributions are compatible with the action of any orthogonal
group O(p, q) with bilinear form q2, the causal distributions only with the
action of the orthochronous Lorentz groups SO0(1, s).
One obtains for time and (1, 2)-spacetime
∫ dq
2π
1
(q−io)2−1e
iqt = −ϑ(t) sin |t|
SU(1, 1) :
∫ d3q
4π2
1
(q−io)2−1e
iqy = −ϑ(y2)ϑ(y0) cos |y||y|
The SU(2)-representations are inducable from Cartan subgroup represen-
tations with winding numbers (integer powers) SO(2) ∋ eix3σ3 7−→ (eix3σ3)±n ∈
SO(2) and the decomposition SU(2)/{±12} ∼= SO(3) ∼= SO(2) × Ω2. The
matrix elements for spin J arise from dipole distributions, supported by the
invariant
SU(2) ∋ ei~x 7−→
discrete n = 2J = 1, 2, . . .


± ∫ d3p
iπ2
n
(~p2∓io−n2)2 e
i~p~x = e±in|~x|∫ d3p
π
n δ′(n2 − ~p2)ei~p~x = cosn|~x|∫ d3p
π
~p δ′(n2 − ~p2)ei~p~x = i~x|~x| | sinn|~x|
Matrix elements with nontrivial properties with respect to the rotation classes
SU(2)/SO(2) use derivations ∂
∂~x
= ~x|~x|
∂
∂|~x| .
For the SU(1, 1)-representations, there are six dipole distributions (three
pairs with ±io). They involve the Cartan subgroup representation matrix
elements {ei|y|, e−|y|} for the invariant |y| =
√
|y2|. There are two pairs of
SU(1, 1)-representation types: The discrete ‘energylike’ polarization invariants
give the two causally supported series, induced by compact Cartan subgroup
representations SO(2) ∋ eiy0σ3 7−→ (eiy0σ3)±n ∈ SO(2) and the decomposition
SU(1, 1)/{±12} ∼= SO0(1, 2) ∼= SO(2)×Y2±
SU(1, 1) ∋ eiy 7−→
discrete: n = 0, 1, 2, . . .


n2±(y) =
∫ d3q
2π2
n
[(q∓io)2−n2]2 e
iqy
= ϑ(y2)ϑ(±y0) sinn|y|
n2±(y)
′ =
∫ d3q
2π2
q
[(q∓io)2−n2]2 e
iqy
= −ϑ(y2)ϑ(±y0) iy|y| cosn|y|
The lightlike invariant lead to the ‘mock’ series 0±. The two principal11 se-
ries are induced by noncompact Cartan subgroup representations SO0(1, 1) ∋
ey1σ1 7−→ (ey1σ1)±i|P | ∈ SO(2) with imaginary eigenvalues and a momentumlike
11‘Principal’ in principal series and principal value are not related to each other
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invariant and the decomposition SU(1, 1)/{±12} ∼= SO0(1, 2) ∼= SO0(1, 1)×
Y (1,1)
SU(1, 1) ∋ eiy 7−→
principal: P 2 > 0
{
P 2±(y) = −
∫ d3q
π2
|P |
(q2∓io+P 2)2 e
iqy
= ϑ(−y2)e∓i|Py| + ϑ(y2)e−|Py|
In addition, there is the causally supported supplementary series with principal
value integration
from ∓ ∫ d3q
iπ2
1
(q2∓io−1)2 e
iqy = ϑ(y2)e±i|y| + ϑ(−y2)e−|y|
SU(1, 1) ∋ eiy 7−→
supplementary: 0 < m2 < 1


m2P(y) =
∫ d3q
π2
|m|
(q2
P
−m2)2 e
iqy
= ϑ(y2) sin |my|
m2P(y)
′ =
∫ d3q
π2
q
(q2
P
−m2)2 e
iqy
= −ϑ(y2) iy|y| cos |my|
These representations can be understood to be induced from a noncompact
Cartan subgroup representation by a rotation of a spacelike direction into
a ‘timelike’ one σ1 7−→ σ3 (not iσ3) and exponentiating with a continuous
imaginary eigenvalue
SO0(1, 1) ∋ ey1σ1 7−→ (w ◦ ey1σ1 ◦ w∗)±i|m| = (ey1σ3)±i|m| ∈ SO(2)
with w = ei
π
4
σ2 ∈ SU(2)
With the compact SU(1, 1)-parameter space, the continuous energylike invari-
ant is restricted by the lowest nontrivial polarization n2 = 1.
Matrix elements with nontrivial properties with respect to the axial rota-
tion classes SU(1, 1)/SO(2) and boost classes SU(1, 1)/SO0(1, 1) use deriva-
tions ∂
∂y
= y|y|
∂
∂|y| .
The Plancherel measure[25, 4] for the supplementary and the trivial repre-
sentations is trivial, the discrete representations, induced from SO(2), have
counting measure µ(n2±) = n and the principal ones, induced from SO0(1, 1),
a hyperbolic measure dµ(P 2±) = (tanh
πP
2
, coth πP
2
)dP 2 (always with fixed Haar
measure).
6.4 Hilbert Spaces of SU(2)
The following derivation of the familiar SU(2)-Hilbert spaces - finite dimen-
sional subspaces of the 2-sphere square integrable functions L2(Ω2) - by start-
ing from SU(2)-matrix elements in the form of Fourier transformed momen-
tum distributions serves as a preparation for the SU(1, 1)-case below. It
is instructive to consider, side by side, the representations of the Euclidean
group SU(2) ~× IR3 (rank 2), relevant for nonrelativistic scattering structures
SO(3) ~× IR3 in 3-position, and of the spin (rotation) group SU(2) (rank 1).
The irreducible scalar matrix elements (spherical Bessel functions) with
Dirac measure for the momentum 2-sphere
SU(2) ~× IR3/SU(2) ∋ ~x 7−→ sinµ|~x|
µ|~x| =
∫ d3p
2π
1
µ
δ(µ2 − ~p2)ei~p~x
=
∫ d2ω
4π
eiµ~ω~x =
∫ d2ω
4π
e−iµ~ω~x, µ = P > 0
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lead to those with derived Dirac distribution
SU(2) ∋ ei~x 7−→ cosµ|~x| = ∫ d3p
π
µδ′(µ2 − ~p2)ei~p~x = µ ∂
∂µ2
∫ d3p
π
δ(µ2 − ~p2)ei~p~x
=
∫ d2ω
4π
(1 + iµ~ω~x)eiµ~ω~x
= (1 + ~x ∂
∂~x
)
∫ d2ω
4π
eiµ~ω~x, µ = 2J = 1, 2 . . .
The relevant integral sums over the 2-sphere momentum directions
~ω = ~p√
~p2
=
(
cos θ −ieiϕ sin θ
ie−iϕ sin θ − cos θ
)
∈ Ω2, ~p = |~p|~ω∫ d2ω
4π
=
∫ 1
−1
d cos θ
2
∫ 2π
0
dϕ
2π
, δ(~ω−~ω
′
4π
) = δ( cos θ−cos θ
′
2
)δ(ϕ−ϕ
′
2π
)
For the neutral group element ~x = 0, there remains, for both underived
and derived Dirac distribution, the normalized momentum-sphere measure
∫ d3p
2π
1
µ
δ(µ2 − ~p2) = ∫ d3p
π
µδ′(µ2 − ~p2) = ∫ d2ω
4π
= 1
The Hilbert space relevant restriction - in both cases - is the Dirac distribution
on the 2-sphere.
The SU(2) ~×IR3-representations are induced by translation representations
with fixgroup SO(2), those for SU(2) by SO(2)-representations
for SU(2) ~× IR3 : IR3 ∋ ~x 7−→ eiP~ω~x ∈ U(1)
for SU(2) : SO(2) ∋ ei~ω~xσ3 7−→ ei2J~ω~xσ3 ∈ SO(2)
The basis distribution for the irreducible Hilbert space of the Euclidean
group contain scattering ‘states’ of momentum value P in the direction ~ω and
SO(2)-polarization ±J = 0,±1
2
,±1, . . . with SO(2)× IR3-action
(P 2, J) ∈ irrep+SU(2) ~× IR3 :


{|P 2, J ; ~ω, ǫ〉~ω ∈ Ω2, ǫ = ±1}∫ d2ω
4π
|P 2, J ; ~ω, ǫ〉〈P 2, J ; ~ω, ǫ| ∼= id IC2(Ω2)
|P 2, J ; ~ω, ǫ〉 SO(2)×IR
3
7−→ eiǫ2JϕeiP~ω~x|P 2, J ; ~ω, ǫ〉
J = 0 has ‘states’ with trivial polarization {|P 2; ~ω〉}. The ‘states’ in the basis
distributions for SU(2) with one invariant J (spin) have momentum direction
~ω and SO(2)-eigenvalues ǫJ = ±J
J ∈ irrepSU(2) :


{|J ; ~ω, ǫ〉~ω ∈ Ω2, ǫ = ±1}∫ d2ω
4π
|J ; ~ω, ǫ〉〈J ; ~ω, ǫ| ∼= id IC2(Ω2)
|J ; ~ω, ǫ〉 SO(2)7−→ eǫi2J~ω~x|J ; ~ω, ǫ〉
In addition to the action of the subgroup SO(2), the derived Dirac distribution
leads also to matrix elements with the action of the SO(2)-Lie algebra
|J ; ~ω, ǫ〉 logSO(2)7−→ ǫi2J~ω~x|J ; ~ω, ǫ〉
The induced action for the full rotation group r ∈ SU(2)
|P 2, J ; ~ω, ǫ〉 SU(2)7−→ o(r, ~ω)ǫ′ǫ |P 2, J ; ~ω, ǫ′〉, |J ; ~ω, ǫ〉
SU(2)7−→ o(r, ~ω)ǫ′ǫ |J ; ~ω, ǫ′〉
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comes as Wigner axial rotation o(r, ~ω) ∈ SO(2) with momentum-direction
dependent parameters which is determined by the rotation action on the rep-
resentative u(ϕ, θ, 0) ∈ SU(2)/SO(2) for the momentum direction orbit
r ∈ SU(2) : r ◦ u(~ω) = u(r • ~ω) ◦ o(r, ~ω)
⇒ o(r, ~ω) = u(r • ~ω)⋆ ◦ r ◦ u(~ω) ∈ SO(2)
with u(~ω) = u(ϕ, θ, 0) ∈ SU(2)/SO(2)
r • ~ω = r ◦ ~ω ◦ r−1 is the SU(2)-rotated momentum direction.
This is in analogy to the familiar momentum dependent Wigner rotation
for an induced Lorentz transformation: There, a boost, parametrized by an
energy-momentum vector q ∈ IR4 on the hyperboloid Y3, e.g. in the Weyl
representation
s( q
m
) = e
~β~σ ∈ SL( IC2)/SU(2), q2
m2
= 1, sinh 2|~β| = |~q|
m
is transformed by a Lorentz group action SL( IC2) ∋ λ ∼ Λ ∈ SO0(1, 3) into a
boost for the transformed momentum up to a Wigner rotation
λ ◦ s( q
m
) = s(Λ. q
m
) ◦ r(λ, q
m
), r(λ, q
m
) ∈ SU(2)
With orthogonal basis distributions on the momentum 2-sphere
〈P 2, J ; ~ω′, ǫ′|P 2, J ; ~ω, ǫ〉 = δǫ−ǫ′δ(~ω−~ω
′
4π
)
〈J ; ~ω′, ǫ′|J ; ~ω, ǫ〉 = δǫ−ǫ′δ(~ω−~ω
′
4π
)
the Hilbert vectors for SU(2) are pairs of square integrable functions L2(Ω2)
|J ;w〉 = ∫ d2ω
4π
w(~ω, ǫ)|J ; ~ω, ǫ〉 = ∫ d3p
2π
1
2J
δ(~p2 − 4J2)w(~p, ǫ)|~p, ǫ〉
〈J ;w′|J ;w〉 = ∫ d2ω
4π
w′(~ω, ǫ)w(~ω, ǫ) =
∫ d3p
2π
w′(~p, ǫ) 1
2J
δ(~p2 − 4J2)w(~p, ǫ)
and analogously for the Euclidean group where also position functions w(~p) =∫
d3x w˜(~x)ei~p~x can be used with a spherical Bessel function
〈P 2, J ;w′|P 2, J ;w〉 = ∫ d2ω
4π
w′(~ω, ǫ)w(~ω, ǫ)
=
∫ d3p
2π
w′(~p, ǫ) 1
P
δ(~p2 − P 2)w(~p, ǫ)
=
∫ d3xd3x′
2π
w˜′(~x′, ǫ) sinP |~x−~x
′|
P |~x−~x′| w˜(~x, ǫ)
Only for SU(2) with discrete invariant µ = 2J , a basis for the irreducible
(1 + 2J)-dimensional Hilbert space is given with the totally symmetrized 2J-
powers of the basis representation SU(2)/SO(2) ∋ u(ϕ, θ, 0) (spherical har-
monics for integer J) - starting with the two functions in the first and the
three functions in the middle column of the matrices for J = 1
2
and J = 1
(
ei
ϕ
2 cos θ
2
iei
ϕ
2 sin θ
2
ie−i
ϕ
2 sin θ
2
e−i
ϕ
2 cos θ
2
)
∈ SU(2),

 eiϕ cos2 θ2 ieiϕ sin θ√2 −eiϕ sin2 θ2i sin θ√
2
cos θ i sin θ√
2
−e−iϕ sin2 θ
2
ie−iϕ sin θ√
2
e−iϕ cos2 θ
2

 ∈ SU(3)
The SU(1+2J)-orthonormality of the columns 〈J ; a′|J ; a〉 = δa−a′ , which holds
for any group element, i.e. any (ϕ, θ), has to be distinguished from Schur’s
orthogonality for the matrix elements which integrates over the full group.
The Euler angle parametrized components in the vectors |J ; a〉 are Schur-
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6.5 Hilbert Spaces of SU(1, 1)
In the representation matrix elements for (1, 2)-spacetime with an invariant
µ > 0
y 7−→ ∫ d3q
2π
1
µ
δ(µ2 − q2)eiqy = ∫ d2c
4π
eiµcy
with


c = q√
q2
=
( ± coshψ −eiϕ sinhψ
e−iϕ sinhψ ∓ coshψ
)
∈ Y2±, q = |q|c∫ d2c
4π
=
∫ sinhψ dψ
2
∫ 2π
0
dϕ
2π
, δ(c−c
′
4π
) = δ( coshψ−coshψ
′
2
)δ(ϕ−ϕ
′
2π
)
y 7−→ ∫ d3q
2π
1
µ
δ(µ2 + q2)eiqy =
∫ d2s
4π
eiµsy
with


s = q√−q2 =
(
sinhψ ieiϕ coshψ
ie−iϕ coshψ − sinhψ
)
∈ Y (1,1), q = |q|s∫ d2s
4π
=
∫ coshψ dψ
2
∫ 2π
0
dϕ
2π
, δ(s−s
′
4π
) = δ( sinhψ−sinhψ
′
2
)δ(ϕ−ϕ
′
2π
)
the unit vectors (c, s) ∈ (Y2±,Y (1,1)) on the hyberboloids for the noncompact
group SU(1, 1) are the analogue to the sphere unit vectors ~ω ∈ Ω2 for the
compact group SU(2).
Energy-momentum functions are expanded with basis distributions
µ2 ∈ irrep +SU(1, 1) :


{|µ2; q, ǫ〉q ∈ IR3, ǫ = ±1}∫ d3q
(2π)3
|µ2; q, ǫ〉〈µ2; q, ǫ| ∼= id IC2(IR3)
|µ2;w〉 = ∫ d3q w(q, ǫ)|µ2; q, ǫ〉
The inducing Hilbert representations of compact and noncompact Cartan sub-
group are powers with the invariant µ and iµ
SO(2) ∋ eicyσ3 7−→ (eicyσ3)µ ∈ SO(2)
SO0(1, 1) ∋ esyσ1 7−→ (esyσ1)iµ ∈ SO(2)
They act upon the basis distributions |µ2; q, ǫ〉 corresponding to the energy-
momenta - either energylike q = c|q| or momentumlike q = s|q|.
The induced actions for the full group s ∈ SU(1, 1)
|c|q|, ǫ〉 SU(1,1)7−→ o(s, c)ǫ′ǫ |c|q|, ǫ′〉, |s|q|, ǫ〉
SU(1,1)7−→ o(s, s)ǫ′ǫ |s|q|, ǫ′〉
come in the form of Wigner axial rotations o(s, c), o(s, s) ∈ SO(2) with pa-
rameters dependent on the hyperboloid points. They can be constructed with
the coset representatives above for the orbit parametrizations of the energy-
momenta
s ∈ SU(1, 1)⇒
{
SO(2) ∋ v(s • c)−1 ◦ s ◦ v(c) = o(s, c)
SO0(1, 1) ∋ w(s • s)−1 ◦ s ◦ w(s) 7−→ o(s, s) ∈ SO(2)
with
{
v(c) = v(ϕ, ψ, 0) ∈ SU(1, 1)/SO(2)
w(s) = w(ϕ, ψ, 0) ∈ SU(1, 1)/SO0(1, 1)
s • c and s • s are the SU(1, 1) transformed directions on the hyperboloids.
For the principal SU(1, 1)-representations, supported by a nontrivial mo-
mentumlike invariant µ = P , the definition of - now - infinite dimensional
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irreducible Hilbert spaces with square integrable functions L2(Y (1,1)) on the
momentumlike hyperboloid - will be given in analogy to the SU(2)-functions
L2(Ω2). The support of the Dirac distribution δ(q2 + P 2) restricts the basis
distributions from all energy-momenta IR3 to the hyperboloid Y (1,1)
P 2± ∈ irrep +SU(1, 1) :


{|P 2±; s, ǫ〉
s ∈ Y (1,1), ǫ = ±1}∫ d2c
4π
|P 2±; s, ǫ〉〈P 2±; s, ǫ| ∼= id IC2(Y(1,1))
|P 2±; s, ǫ〉
SO0(1,1)7−→ e±ǫiPsy|P 2±; s, ǫ〉
The derived Dirac distributions give also matrix elements with the action of
the SO0(1, 1)-Lie algebra. With the orthogonal scalar product distributions
on the hyperboloid one obtains the product for the Hilbert vectors
〈P 2; s′, ǫ′|P 2; s, ǫ〉 = δǫ−ǫ′δ(s−s
′
4π
)
|P 2;w〉 = ∫ d2s
4π
w(s, ǫ)|P 2; s, ǫ〉 = ∫ d3q
2π
1
P
δ(q2 + P 2)w(q, ǫ)|q, ǫ〉
〈P 2;w′|P 2;w〉 = ∫ d2s
4π
w′(s, ǫ)w(s, ǫ) =
∫ d3q
2π
w′(q, ǫ) 1
P
δ(q2 + P 2)w(q, ǫ)
For SU(1, 1), there is no finite dimensional definite unitarity (no hyperbolic
harmonics) as seen also in the Euler ‘angle’ group parametrization above.
The representations for the discrete and supplementary series with energy-
like invariant µ = n,m do not involve a Dirac measure. The Hilbert spaces are
not characterized by square integrable functions. The Hilbert space functions
|µ2, w〉 use all energy-momenta from a basis distribution {|µ2; q, ǫ〉q ∈ IR3}
with the inducing and induced representations above. The energy-momen-
tum dipoles in the representation matrix elements, valued in complex (2× 2)-
matrices, i.e. in the SO0(1, 2) Lie algebra and - for the energy-momenta - in
the Lie algebra forms
SU(1, 1) ∋ eiy 7−→


∫ d3q
2π2
q
[(q∓io)2−n2]2 e
iqy= −ϑ(y2)ϑ(±y0) iy|y| cosn|y|∫ d3q
π2
q
(q2P−m2)2
eiqy = −ϑ(y2) iy|y| cos |my|
iy =
(
iy0 y1 − iy2
y1 + iy2 −iy0
)
∈ logSU(1, 1) ∼= IR1+2
lead to scalar matrix elements with the invariant y2 = det iy = 1
2
tr y ◦ y =
y20 − y21 − y22
det
[
ϑ(y2)ϑ(±y0) iy|y| cosµ|y|
]
= ϑ(y2)ϑ(±y0)(cosµ|y|)2
The corresponding Hilbert product distributions involve positive type func-
tions
〈µ2; q′, ǫ′|µ2; q, ǫ〉 = qǫ−ǫ′ωµ2(q2)δ(q − q′) with ωµ2(q2) =


1
[(q∓io)2−n2]2
1
(q2
P
−m2)2
〈µ2;w′|µ2;w〉 = ∫ d3q w′(q, ǫ′) qǫ−ǫ′ωµ2(q2) w(q, ǫ)
=
∫
d3q ωµ2(q
2) tr q ◦ (w ⊗ w′)(q)
The Hilbert space function pairs {q 7−→ w(q, ǫ)ǫ = ±1} are defined by
〈µ2;w|µ2;w〉 ≥ 0 with the (2× 2)-matrix valued function q 7−→ (w⊗w)(q), in
analogy to the energylike energy-momenta by 1
2
tr q ◦ q = q2 ≥ 0.
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It remains to establish explicitly how the Hilbert spaces with energy-mo-
mentum functions, of L2-type and with positive type function, are related to
the Hilbert spaces as constructed with homogeneous functions of one variable
ξ 7−→ F (ξ) as mentioned above.
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7 Appendix: IC3-Lie Algebras
For a real or complex finite dimensional Lie algebra L, the classes with respect
to the commutator ideal [L, L], the radical R (maximal solvable ideal in L)
and the nilradical N ⊆ R (maximal nilpotent ideal in L and, also, in R) are
up to noncommutativity [L, L] ⇒ L/[L, L] abelian
up to solvability R ⇒ L/R ∼= S ⊆ L semisimple
up to nilpotency N ⇒ L ∼= L/N ~⊕ N semidirect product
Since there are no semisimple Lie algebras with dimension 1 and 2, the
complex 3-dimensional Lie algebras have radical R ∈ {{0}, IC3}, i.e. they are
either simple or solvable.
They can be classified and constructed with the commutator ideal
L ∼= IC3 ⇒ ∂L = [L, L] ∈ { IC3, IC2, IC, {0}}
The perfect case is the simple Lie algebra A1 with a basis {l1, l2, l3} for
totally antisymmetric structure constants
IC3 ∼= ∂L = A1 with


[l1, l2] = l3
[l2, l3] = l1
[l3, l1] = l2
The ideals ∂L ∼= IC2 belong to semidirect product Lie algebras. An abelian
∂L gives a solvable, not nilpotent Lie algebra with possible basis
∂L = [L, ∂L] = ICl1 ⊕ ICl2, ∂2L = {0}
L = ICl3 ~⊕ [ ICl1 ⊕ ICl2] with


[l1, l2] = 0
[l2, l3] = l1
[l3, l1] = l2
A semidirect IC2-ideal is not possible, since
∂L = ICl1 ~⊕ ICl2 :


[l1, l2] = l2
[l2, l3] = γl1 + δl2
[l3, l1] = αl1 + βl2
Jacobi identity:
{
0 = [l1, [l2, l3]] + [l2, [l3, l1]] + [l3, [l1, l2]]
= δl2 − αl2 − γl1 − δl2
⇒ (α, γ) = (0, 0)⇒
[l1, l2] = l2
[l2, l3] = δl2
[l3, l1] = βl2

⇒ [L, L] = ICl2
For ∂L ∼= IC there is a basis with
∂L = ICl2 :


[l1, l2] = β1l
2
[l2, l3] = β3l
2
[l3, l1] = αl2
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l1 and l3 can be exchanged (1st and 2nd line). By renormalizations, a basis
with three nontrivial brackets leads to a basis with two nontrivial brackets,
and even to a basis with one nontrivial bracket


[l1, l2] = l2
[l2, l3] = l2
[l3, l1] = l2
⇐⇒


[l1, l2] = l2
[l3, l2] = 0
[l3, l1] = l2
with l3 = l3 + l1
⇐⇒


[l1, l2] = l2
[l3, l2] = 0
[l3, l1] = 0
with l3 = l3 + l2
which arises also from a basis with the following two nontrivial brackets

[l1, l2] = l2
[l3, l2] = l2
[l3, l1] = 0
⇐⇒


[l1, l2] = l2
[l3, l2] = 0
[l3, l1] = 0
, l3 = l3 − l1
This characterizes the decomposable Lie algebra IC ⊕ [ IC ~⊕ IC].
Therefore, the only nondecomposable IC3-Lie algebra with ∂L ∼= IC is the
nilcubic Heisenberg Lie algebra - in a basis with two trivial brackets
L = ICl3 ~⊕ [ ICl1 ⊕ ICl2], ∂L = ICl2, [L, ∂L] = {0} with


[l1, l2] = 0
[l2, l3] = 0
[l3, l1] = l2
8 Appendix: Residual Distributions
All residual representations, considered above, arise from the Fourier trans-
formed generalized scalar functions[6] (where the Γ-functions are defined with
ν ∈ IR) - for linear invariants
IR :
∫ dq
2iπ
Γ(1−ν)
(q−io−m)1−ν e
iqx = ϑ(x) e
imx
(ix)ν
, m ∈ IR
and for quadratic invariants in the scalar distributions for the definite orthog-
onal groups
O(d)
d = 2, 3, . . .
r =
√
~x2


∫ ddq
π
d
2
Γ(d
2
−ν)
(~q2)
d
2
−ν e
i~q~x = Γ(ν)
( r
2
4
)ν
∫ ddq
π
d
2
Γ(d
2
−ν)
(~q2+1)
d
2
−ν e
i~q~x = 2Kν(r)
( r
2
)ν
∫ ddq
π
d
2
Γ(d
2
−ν)
(~q2−io−1)d2−ν
ei~q~x = iπH
(1)
ν (r)
( r
2
)ν
= −π[Nν−iJν ](r)
( r
2
)ν
As seen in the power d
2
, there is a distinction between even and odd dimen-
sions d - in parallel with the Cartan series DR ∼= logSO( IC2R) and BR ∼=
logSO( IC1+2R).
The real-imaginary transition relates to each other Macdonald and Hankel
(with Neumann and Bessel) functions
ξ ∈ IR : 2Kν(iξ) = iπH(2)ν (ξ) = e
iπν
2 iπH(1)ν (−ξ)
±iH(1,2)ν = −Nν ± iJν , K−ν = Kν , H(1)−ν = eiπνH(1)ν
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There are the special functions for N = 0, 1, 2, . . . - for halfinteger index
( 2
π
K
N− 1
2
, J
N− 1
2
, N
N− 1
2
)(ξ)
( ξ
2
)N−
1
2
= (− ∂
∂ ξ
2
4
)N (e
−ξ, cos ξ, sin ξ)√
π
2
π
K 1
2
(ξ)
( ξ
2
)−
1
2
= e
−ξ√
π
,
[N 1
2
∓iJ 1
2
](ξ)
( ξ
2
)−
1
2
= −e±iξ√
π
,
[N− 1
2
∓iJ− 1
2
](ξ)
( ξ
2
)−
1
2
= ∓ie±iξ√
π
and for integer index
(KN , JN , NN )(ξ)
( ξ
2
)N
= (− ∂
∂ ξ
2
4
)N(K0, J0, N0)(ξ)
2K0(ξ) = ∫ dψ e−|ξ| coshψ = − ∞∑
n=0
( ξ
2
4
)n
(n!)2
[log ξ
2
4
− 2Γ′(1)− 2ϕ(n)]
limξ→0
JN (ξ)
( ξ
2
)N
= 1
Γ(1+N)
, limξ→0(
ξ
2
)NπNN(ξ) = −Γ(N)
JN has no singularities. The integer index functions give a quadratic depen-
dence, e.g. in JN (ξ)
( ξ
2
)N
= EN( ξ24 ).
By analytic continuation one obtains for indefinite orthogonal groups
O(n,m) ~× IRd :
n > 0, m > 0
d = 2, 3, . . .
|x| =
√
|x2|


∫ ddq
imπ
d
2
Γ(d
2
−ν)
(q2−io)d2−ν
eiqx = Γ(ν)(
x2+io
4
)ν
∫ ddq
imπ
d
2
Γ(d
2
−ν)
(q2−io+1)d2−ν
=
ϑ(x2)2Kν(|x|)−ϑ(−x2)iπH(2)−ν(|x|)
|x
2
|ν
−δNν iπ
N∑
k=1
1
(N−k)!δ
(k−1)(−x2
4
)
For integer N = 1, 2, . . ., there arise x2 = 0 supported Dirac distributions.
Orthogonally invariant distributions are embedded in hyperbolically invari-
ant ones, e.g. for (1, s)-spacetime with the general Lorentz groups
O(1, s)
s = 1, 2, . . .
N = 1, 2, . . .
|x| =
√
|x2|


∫ ddq
isπ
d
2
Γ(d
2
−ν)
(q2−io)d2−ν
eiqx = Γ(ν)(
x2+io
4
)ν
∫ ddq
isπ
d
2
Γ(d
2
−ν)
(q2−io+1)d2−ν
eiqx = ϑ(x
2)2Kν(|x|)−ϑ(−x2)π[N−ν+iJ−ν ](|x|)
|x
2
|ν
−δNν iπ
N∑
k=1
1
(N−k)!δ
(k−1)(−x2
4
)
∫ ddq
isπ
d
2
eiνπΓ(d
2
−ν)
(q2−io−1)d2−ν
eiqx = ϑ(−x
2)2Kν(|x|)−ϑ(x2)π[N−ν−iJ−ν ](|x|)
|x
2
|ν
+δNν iπ
N∑
k=1
1
(N−k)!δ
(k−1)(−x2
4
)
For ν = −1
2
there are no singularities
O(1 + s) :


∫ d1+sq
π
2+s
2
Γ( 2+s
2
)
(~q2)
2+s
2
ei~q~x = −r
∫ d1+sq
π
2+s
2
Γ( 2+s
2
)
(~q2+1)
2+s
2
ei~q~x = e−r
∫ d1+sq
π
2+s
2
Γ( 2+s
2
)
(~q2−io−1) 2+s2
ei~q~x = ieir
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O(1, s) :


∫ d1+sq
isπ
1+s
2
Γ( 2+s
2
)
(q2−io) 2+s2
eiqx = −|x|[ϑ(x2) + iϑ(−x2)]
∫ d1+sq
isπ
1+s
2
Γ( 2+s
2
)
(q2−io+1) 2+s2
eiqx = ϑ(x2)e−|x| + ϑ(−x2)e−i|x|
∫ d1+sq
i1+sπ
1+s
2
Γ( 2+s
2
)
(q2−io−1) 2+s2
eiqx = ϑ(−x2)e−|x| + ϑ(x2)ei|x|
These distributions are relevant for the representations of orthogonal groups
in odd dimensions O(1 + 2R) and O(1, 2R) with rank R and poles of order
1 +R = 1, 2, . . ..
For ν = 0 there is a logarithmic singularity in K0 and N0
O(1 + s) :


∫ d1+sq
π
1+s
2
Γ( 1+s
2
)
(~q2+1)
1+s
2
ei~q~x = 2K0(r)∫ d1+sq
π
1+s
2
Γ( 1+s
2
)
(~q2−io−1) 1+s2
ei~q~x = −π[N0 − iJ0](r)
O(1, s) :


∫ d1+sq
isπ
1+s
2
Γ( 1+s
2
)
(q2−io+1) 1+s2
eiqx =ϑ(x2)2K0(|x|)− ϑ(−x2)π[N0 + iJ0](|x|)∫ d1+sq
isπ
1+s
2
Γ( 1+s
2
)
(q2−io−1) 1+s2
eiqx =ϑ(−x2)2K0(|x|)− ϑ(x2)π[N0 − iJ0](|x|)
These distributions are relevant for the representations of orthogonal groups in
even dimensions O(2R) and O(1, 2R− 1) with rank R and order R = 1, 2, . . .
poles.
The Fourier transformed simple poles are used for representations of the
Euclidean groups SO(1 + s) ~× IR1+s and Poincare´ groups SO0(1, s) ~× IR1+s
O(1 + s) :


∫ d1+sq
π
1+s
2
1
~q2
ei~q~x =
Γ( s−1
2
)
( r
2
)s−1
∫ d1+sq
π
1+s
2
1
~q2+1
ei~q~x =
2K s−1
2
(r)
( r
2
)
s−1
2
∫ d1+sq
π
1+s
2
1
~q2−io−1e
i~q~x = −
π[N s−1
2
−iJ s−1
2
](r)
( r
2
)
s−1
2
O(1, s) :


∫ d1+sq
isπ
1+s
2
1
q2−ioe
iqx =
Γ( s−1
2
)(
x2+io
4
) s−1
2
∫ d1+sq
isπ
1+s
2
1
q2−io+1e
iqx =
ϑ(x2)2K s−1
2
(|x|)−ϑ(−x2)π[N− s−12
+iJ− s−12
](|x|)
|x
2
| s−12
−δNs−1
2
iπ
N∑
k=1
1
(N−k)!δ
(k−1)(−x2
4
)
∫ d1+sq
iπ
1+s
2
1
q2−io−1e
iqx =
ϑ(−x2)2K s−1
2
(|x|)−ϑ(x2)π[N− s−12
−iJ− s−12
](|x|)
|x
2
| s−12
+δNs−1
2
iπ
N∑
k=1
1
(N−k)!δ
(k−1)(−x2
4
)
The lightcone supported Dirac distributions arise for even dimensional space-
time with nonflat position, i.e. for (1, s) = (1, 3), (1, 5), . . ..
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The one dimensional pole integrals
O(1) = O(1, 0) :
{ ∫ dq
π
1
q2+1
eiqx = e−|x|∫ dq
π
1
q2−io−1e
iqx = iei|x|
are spread to odd dimensions starting with 1 + s = 3 and a singularity at
|x| = 0
O(3) :


∫ d3q
π2
1
~q2
ei~q~x = 2
r∫ d3q
π2
1
~q2+1
ei~q~x = − ∂
∂ r
2
4
e−r = 2 e
−r
r∫ d3q
π2
1
~q2−io−1e
i~q~x = − ∂
∂ r
2
4
ieir = 2 e
ir
r
O(1, 2) :


− ∫ d3q
π2
1
q2−ioe
iqx = 2ϑ(x
2)−iϑ(−x2)
|x|
− ∫ d3q
π2
1
q2−io+1e
iqx = 2ϑ(x
2)e−|x|−ϑ(−x2)ie−i|x|
|x|∫ d3q
iπ2
1
q2−io−1e
iqx = 2ϑ(−x
2)e−|x|+ϑ(x2)iei|x|
|x|
The dipoles in three dimensions are without singularity
O(3) :


∫ d3q
π2
1
(~q2)2
ei~q~x = −r∫ d3q
π2
1
(~q2+1)2
ei~q~x = e−r∫ d3q
π2
1
(~q2−io−1)2 e
i~q~x = ieir
O(1, 2) :


− ∫ d3q
π2
1
(q2−io)2 e
iqx = |x|[ϑ(x2)− iϑ(−x2)]
− ∫ d3q
π2
1
(q2−io+1)2 e
iqx = ϑ(x2)e−|x| + ϑ(−x2)e−i|x|
− ∫ d3q
iπ2
1
(q2−io−1)2 e
iqx = ϑ(−x2)e−|x| + ϑ(x2)ei|x|
The 2-dimensional integrals integrate over the 1-dimensional functions
O(2) :


∫ d2q
π
1
~q2+1
ei~q~x =
∫
dψ e−r coshψ = 2K0(r)∫ d2q
π
1
~q2−io−1e
i~q~x =
∫
dψ eir coshψ = −π[N0 − iJ0](r)
O(1, 1) :


∫ d2q
iπ
1
q2−io+1e
iqx = ϑ(x2)2K0(|x|)− ϑ(−x2)π[N0 + iJ0](|x|)∫ d2q
iπ
1
q2−io−1e
iqx = ϑ(−x2)2K0(|x|)− ϑ(x2)π[N0 − iJ0](|x|)
They are spread to even dimensions - starting with 1 + s = 4
O(4) :


∫ d4q
π2
1
~q2
ei~q~x = 4
r2∫ d4q
π2
1
~q2+1
ei~q~x = − ∂
∂ r
2
4
2K0(r) = 2K1(r)r
2∫ d4q
π2
1
~q2−io−1e
i~q~x = ∂
∂ r
2
4
π[N0 − iJ0](r) = −π[N1−iJ1](r)r
2
O(1, 3) :


− ∫ d4q
iπ2
1
q2−ioe
iqx = 4
x2
P
− iπδ(x2
4
)
− ∫ d4q
iπ2
1
q2−io+1e
iqx = ϑ(x
2)2K1(|x|)−ϑ(−x2)π[N−1+iJ−1](|x|)
|x|
2
− iπδ(x2
4
)∫ d4q
iπ2
1
q2−io−1e
iqx = ϑ(−x
2)2K1(|x|)−ϑ(x2)π[N−1−iJ−1](|x|)
|x|
2
+ iπδ(x
2
4
)
Dipoles for four dimensions lead to maximally logarithmic singularities.
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